The dipole representation of vector meson electroproduction beyond
  leading twist by Besse, A. et al.
ar
X
iv
:1
20
4.
22
81
v1
  [
he
p-
ph
]  
10
 A
pr
 20
12
The dipole representation of vector meson
electroproduction beyond leading twist
A. Bessea, L. Szymanowskib, S. Wallona,c
aLPT, Universite´ Paris-Sud, CNRS, 91405, Orsay, France
bNational Center for Nuclear Research (NCBJ), Warsaw, Poland
cUPMC Univ. Paris 06, faculte´ de physique, 4 place Jussieu, 75252 Paris Cedex 05,
France
Abstract
We link the recent computation beyond leading twist of the impact factor of
the transition γ∗T → ρT performed in the light-cone collinear approach, to the
dipole picture by expressing the hard part of the process through its Fourier
transform in coordinate space. We show that in the Wandzura-Wilczek ap-
proximation the impact factor up to twist 3 factorises in the wave function
of the photon combined with the distribution amplitudes of the ρ−meson
and the colour dipole scattering amplitude with the t−channel gluons. We
show also that beyond the Wandzura-Wilczek approximation, the hard con-
tribution of the amplitude still exhibits the signature of the interaction of
a single colour dipole with the t−channel gluons. This result allows a phe-
nomenological approach of the helicity amplitudes of the leptoproduction of
vector meson, by combining our results to a dipole/target scattering ampli-
tude model.
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1. Introduction
In the limit of asymptotical energy, the understanding of hadronic scat-
tering processes is a longstanding question, which can be addressed in per-
turbative QCD when a hard scale, generically denoted as Q2, justifies the ap-
plicability of perturbation theory. In this so-called perturbative Regge limit,
in which s ≫ −t ∼ Q2 ≫ Λ2QCD, the scattering amplitude is dominated by
the exchange of reggeized gluons (named gluonic reggeons) in the t−channel.
This regime is governed by the BFKL equation, derived in the leading order
approximation (LLA) in Refs. [1, 2, 3, 4]. The scattering amplitude is a con-
volution in transverse momentum of impact factors - describing the coupling
of the targets with reggeons - with the reggeon-reggeon scattering amplitude,
in the kT -factorisation framework.
In the same kinematics, a dipole representation [5] was proposed, and its
dynamics was studied at LLA in Refs. [6] and [7, 8]. In this picture, the
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degrees of freedom are coloured dipoles. The scattering of two colourless ob-
jects (heavy meson for example, or virtual photon, called generically onium)
is then described completely in terms of these dipoles, and does not involve
the notion of reggeization. It was checked at the level of the kernel [9] and
then at the level of full amplitude for onium-onium scattering [10] that both
BFKL and dipole models are equivalent, at large Nc.
At even higher energies, based on the growing of partonic densities which
should be limited due to unitarity arguments, many theoretical investigations
have been made in order to resum perturbative sub-series which contribute
to the scattering amplitude, which could be responsible for the required non-
linearities leading to recombination effects between partons. This includes
the Generalized Leading Log Approximation, which takes into account any
fixed number n of t-channel exchanged reggeons [11, 12, 13, 14], and the Ex-
tended Generalized Leading Log Approximation (EGLLA) [15, 16, 17, 18, 19],
in which the number of reggeon in t−channel is not conserved. In EGLLA,
the simplest new building block is the triple Pomeron vertex [17, 16, 18, 20].
In the Wilson line formalism, non-linear equations have been derived [21,
22, 23, 24], based on the concept of factorisation of the scattering amplitude
in rapidity space and on the extension of the operator product expansion
technique to high-energy Regge limit. Its simplest version, the Balitsky-
Kovchegov (BK) equation, has also been derived independently by Kovchegov
[25, 26] in the dipole model. The triple Pomeron vertex is the building block
responsible for non-linearities in the BK equation. Its complete expression
beyond large Nc, known in EGLLA [18], was rederived based on the Wilson
line formalism in [27] in a very compact way. Similarly the Wilson line
approach, the Color Glass Condensate (CGC) [28, 29, 30, 31, 32, 33, 34, 35,
36] leads to an equivalent set of non-linear equations.
The dipole model itself has been the basis of many studies in order to
unitarize the theory [8, 37, 38]. As for other models, it can describe both the
Pomeron and the Odderon [39] degrees of freedom [40]. Besides its dynamics
at large s, the dipole representation of the probe has been used to build ob-
servables sensitive to saturation effects. In particular, the geometrical scaling
is a natural consequence of saturation. Although strictly speaking, geometri-
cal scaling does not implies saturation, the fact that geometrical scaling has
been seen at HERA for Deep Inelastic Scattering (DIS) [41], for moderate Q2
(virtuality of the photon probe) and very small x is a good sign that QCD
probes the saturation regime. Basically, geometrical scaling means that the
γ∗P total cross-section, which is a function of Q2 and x, can be described as a
3
function of a single variable, which is ratio of Q and of a saturation scale Qs.
In the dipole representation, a simple model was introduced by Golec-Biernat
and Wu¨sthoff (GBW) [42, 43] for describing the total γ∗p cross-section [42]
as well as diffractive events [43]. The basic idea is to describe the γ∗ − p
interaction at small x as the scattering of a qq¯ pair (a dipole), formed long
before the scattering off the proton (in a non-symmetric frame where the nu-
cleon is at rest). This initial dipole is characterized by a transverse size r and
by a relative fraction α of longitudinal momentum carried by the quark and
the antiquark. One should then parametrise the dipole-nucleon scattering
cross-section. The total cross-section can be expressed as (here r = |r|)
σT,L(x,Q
2) =
∫
d 2r
∫ 1
0
dα |ΨT,L (α, r)|2 σˆ (x, r2) , (1)
where ΨT,L is the photon wave function for the transverse (T ) and longi-
tudinally polarized (L) photons, which can be expressed in terms of Bessel
functions. One then uses an effective description of the saturation dynamics,
implemented in a simple functional form for the effective dipole cross section
σˆ(x, r) which encodes the interaction of the qq¯ dipole with a nucleon,
σˆ(x, r2) = σ0
{
1 − exp
(
− r
2
4R20(x)
)}
, (2)
where the x-dependent radius R0 is given by
R0(x) =
1
GeV
(
x
x0
)λ/2
. (3)
One gets for σˆ(x, r2) a usual linear perturbative description in the regime
r ≪ R0 . In that limit the dipole cross-section indeed scales like r2 , a typical
behaviour for colour-transparency. This is for example what is obtained when
computing the dipole-dipole scattering through a two gluon exchange (form
of which just comes out of an eikonal treatment [10]), in a simple model
where the nucleon probe is made of dipoles. The power-like behaviour of
R0(x) is inspired by the hard Pomeron description of the HERA data in the
linear regime, obtained within the Mueller dipole model when dressed by
small-x gluon emissions a` la BFKL (dipoles in Mueller approach) the initial
qq¯ dipole.
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On the other hand, when r gets larger, of the order of 2R0 , the cross-
section saturates, with for small Q2 a maximal value which equals σ0 . The
critical saturation line is thus given by Q = Qs(x) with
Qs(x) = 1/R0(x) . (4)
To get the geometric scaling prediction, one should note that the non-trivial
functional dependency of the γ∗ wave function is completely expressed as a
shape in the dimensionless variable r¯ ≡ |r|Q . In this variable, the dipole
cross-section (2) has now the functional form
σˆ
(
Q2s(x)
Q2
r¯2
)
(5)
after using the saturation scale (4). Combining Eqs. (5) and (1), it is now
clear that the functional form of the dipole cross-section (2) remains intact
after the perturbative dressing due to the γ∗ coupling, based on the fact that
the squared wave functions are peaked at r ∼ 2/Q . One can therefore expect
the geometric scaling of the total cross-section at small x
σγ
∗p→X
tot (x,Q
2) = σγ
∗p→X
tot (τ) , τ = Q
2/Q2s(x) . (6)
This saturation model was further extended by including the effect of DGLAP
evolution [44]. This can be done by replacing in the dipole cross-section
σˆ(x, r2) the elementary r2 dipole-dipole cross-section of the colour trans-
parency regime by a more elaborate cross-section which includes DGLAP
evolution through the gluon density entering the scattering off the dipole. In
Ref. [45], a compilation of all available data [46, 47, 48, 49, 50] for F2 has
been used, leading to an almost perfect agreement with geometric scaling.
Another sign of the saturation effect was presented in Ref. [51] were a
model, in the spirit of GBW, was constructed inspired by the BK equa-
tion, smoothly interpolating between the saturated regime and the linear
regime. This model was able to describe the most recent very precise F2
data [46, 47, 48] in the moderate domain of Q2, explicitly exhibiting a need
for saturation effects at small x and small Q2 in comparison with a pure linear
evolution a` la BFKL. Geometrical scaling can be extended at each impact
parameter b, as shown in Ref. [52]. The idea of a b−dependent saturation
scale is due to Mueller [53], while a b−dependent S−matrix for dipole-proton
scattering was studied for diffractive meson electroproduction in Ref. [54].
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Beside this framework whose main focus is devoted to QCD dynamics
in the asymptotical limit, there has been much progress in the understand-
ing of the partonic structure of mesons at leading and beyond leading twist
[55]. This is mainly based on exclusive vector meson production at inter-
mediate energies (HERMES, JLab) and asymptotical energies (H1, ZEUS).
The natural theoretical framework is collinear factorisation, which describes
the scattering amplitude as a convolution (in the space of longitudinal mo-
mentum fraction) of an hard part with a Distribution Amplitude (DA). This
framework is under control at leading twist for many processes, but faces
severe potential divergencies, in particular for processes involving or domi-
nated by contributions beyond leading twist. Recent data have shown that
some γ∗ → ρ transitions, which vanish at twist 2, are copiously produced
and thus deserve an understanding from first principles. In Refs. [56, 57],
a new framework was developed in order to deal with such transitions, and
have been recently applied to describe H1 and ZEUS data [58]. In this study,
a non negligible contribution from the low vituality t−channel exchanged
gluons was found. This could be a sign that saturation effects are important
for both twist 2 and twist 3 γ∗ → ρ transitions.
The natural question which we want to address in this paper is there-
fore whether it is possible to construct a consistent framework to deal with
exclusive processes, for example exclusive vector meson electroproduction,
beyond leading twist, and at asymptotical energies where saturation effects
are expected. Our strategy is to combine the dipole framework with collinear
factorisation beyond leading twist, that is to construct the γ∗ → ρ transition
in the coordinate space for the t−channel gluons, for finite Nc, including
both 2-parton and 3-parton contributions. This treatment is different in
spirit from the pure 2-parton approach based on models for the light-cone
ρ−meson wave function [59, 60, 61, 62, 63]. Our result shows that the cou-
pling of the proton to this transition only involves a dipole coupling, and
does not require any quadripole structure, which in principle can arise in
high energy scattering [38]. The phenomenological implementation of our
result, which requires to combine it with a model for the proton - dipole
scattering amplitude, is left for a forthcoming publication.
The structure of the paper is the following. In Section 2, we derive the
dipole representation of the twist 3 γ∗ → ρ impact factor in the 2-parton
approximation. The crucial ingredient to get this dipole representation is
the use of the QCD equation of motion (EOM). In Section 3, we extend this
analysis to the 3-parton sector, again using the QCD EOM including now
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Figure 1: a: γ∗ → ρ impact factor. b: κ integration contour entering the definition of the
γ∗ → ρ impact factor.
genuine twist 3 effects. This leads to the main results of our analysis, shown
in Eqs. (158, 159).
2. 2-parton impact factors up to twist 3 in the dipole picture
2.1. Impact factor representation
In the kT factorisation approach [64, 65, 66, 67], the description of the
scattering amplitude for the process
γ∗(q) +N(p2)→ ρ(p1) +N (7)
involves the γ∗ → ρ impact factor Φ of the subprocess
g(k1, ε1) + γ
∗(q)→ g(k2, ε2) + ρ(p1) . (8)
This impact factor is illustrated in Fig. 1a, in the kinematical region where
virtualities of the photon, Q2, and of t−channel gluons k2⊥, are of the same
order, Q2 ∼ k2⊥, and much larger than Λ2QCD. Neglecting masses, one consid-
ers that in the reaction (7) the vectors p1 and p2 are light-like. This sets a
natural Sudakov basis for momenta, and we denote 2 p1 · p2 = s. The γ∗ → ρ
impact factor is defined as the integral of the S-matrix element Sγ∗T g→ρT gµ
with respect to the Sudakov component of the t-channel k momentum along
p2 , which is directly related to κ = (q + k1)
2 , the Mandelstam variable s
for the subprocess (8), as illustrated in Fig. 1a. Closing the κ contour of
integration below shows that the impact factor can equivalently be written
(see Fig. 1b) as the integral of the κ-channel discontinuity of the S-matrix
7
element1 Sγ∗T g→ρT gµ
Φγ
∗→ρ(k, r − k) = eγ∗µ 1
2s
+∞∫
−∞
dκ
2π
Sγ∗ g→ρ gµ (k, r − k)
= eγ
∗µ 1
2s
+∞∫
0
dκ
2π
Discκ Sγ∗ g→ρ gµ (k, r − k) . (9)
The two reggeized gluons have so-called non-sense polarisations ε1 = ε
∗
2 =
p2
√
2/s .
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Figure 2: 2- and 3-parton correlators attached to the hard scattering amplitude of the
γ∗ → ρ impact factor, where vertical lines are hard t− channel gluons in the colour singlet
state.
Up to twist 3, the impact factor receives contributions both from 2-parton
and 3-parton diagrams, as illustrated in Fig. 2. In this section we only con-
sider the 2-parton contributions, in the so-called Wandzura-Wilczek (WW)
approximation. The 3-parton contribution will be discussed in Section 3.
2.2. Collinear factorisation beyond leading twist, in the transverse coordinate
space
The impact factor contains hard and soft parts, illustrated in Fig. 2, that
we need to factorise out in Dirac, colour and momentum spaces. Using the
Fierz identity in the standard form [68],
X = xα Γ
α =
1
4
ΓαTr (XΓα) =
1
4
ΓαTr (XΓ
α) , (10)
1In this paper, underlined letters like ℓ denote euclidean momenta, such that ℓ2
⊥
= −ℓ2.
Overlined letters like y¯ denote 1− y.
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with Γα ≡ (Γα)−1, the contribution of the 2-parton Fock state to the ampli-
tude defining the impact factor γ∗ → ρ reads2
Φγ
∗→ρ =
∫
d4ℓ
(2π)4
H(ℓ)S(ℓ) = −1
4
∫
d4 ℓ
(2π)4
tr(H(ℓ)Γα)SΓα(ℓ) , (11)
as illustrated in Fig. 3. Spinor indices, as well as colour indices by using Fierz
identity in colour space, of the hard and the soft parts are now disconnected,
which achieves the factorisation of the amplitude in Dirac and colour spaces.
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Figure 3: Factorization with Fierz identity of the 2-parton γ∗ → ρ impact factor.
Using Sudakov variables for the loop momentum ℓ = αp + βn + ℓ⊥ and
for its Fourier conjugate coordinates z = αzp + βzn + z⊥, the ℓ integration
reads
Φγ
∗→ρ = −1
4
∫
dy
∫
d2ℓ⊥
(2π)2
tr[H(y, ℓ⊥)Γα]
∫
dαℓ
2π
∫
dβℓ
2π
∫
dλ
2π
eiλ(αℓ−y)
×
∫
d4z e−iℓ·z〈ρ(p)|ψ¯(z) Γα ψ(0)|0〉
= −1
4
∫
dy
∫
d2ℓ⊥
(2π)2
tr[H(y, ℓ⊥)Γα]
∫
dλ
2π
e−iλy
∫
d2z⊥ e−iℓ⊥·z⊥
× 〈ρ(p)|ψ¯(λn+ z⊥) Γα ψ(0)|0〉 . (12)
We will denote for conciseness HΓ
α
(y, ℓ⊥) ≡ tr[H(y, ℓ⊥)Γα] the hard part of
the amplitude and we denote H˜Γ
α
(y, x⊥) its Fourier transform in the trans-
verse xT plane. The amplitude rewritten in terms of H˜
Γα(y, x⊥) reads
Φγ
∗→ρ = −1
4
∫
dy
∫
d2ℓ⊥
(2π)2
∫
d2x⊥ H˜Γ
α
(y, x⊥) e−ix⊥·ℓ⊥
∫
dλ
2π
e−iλy
×
∫
d2z⊥e−iℓ⊥·z⊥ 〈ρ(p)|ψ¯(λn+ z⊥) Γα ψ(0)|0〉 . (13)
2The minus sign arises due to the fermionic nature of quark and antiquark fields.
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The collinear approximation corresponds to a Taylor expansion of the term
e−iℓ⊥·x⊥ around the collinear direction, i.e around ℓ⊥ = 0. Up to twist 3, we
need to expand up to the first order: e−iℓ⊥·x⊥ = 1− iℓ⊥ · x⊥+ o(twist 3) . We
denote by Φ
γ∗→ρ(k)
2−parton the contribution of the k
th term in the Taylor series.
The first term of the Taylor expansion gives terms of twist 2 and 3, as
Φ
γ∗→ρ(0)
2−parton = −
1
4
∫
dy
∫
d2x⊥ H˜Γ
α
(y, x⊥)
∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) Γα ψ(0)|0〉 . (14)
The corresponding matrix elements of the relevant non-local correlators with
a light-like separation between quark fields are parametrised by a set of dis-
tribution amplitudes (DAs) [56, 57]∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) γµ ψ(0)|0〉=mρfρ[ϕ1(y) (e∗ρ · n) pµ + ϕ3(y) e∗ρTµ] ,(15)∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) γ5γµ ψ(0)|0〉=mρfρ i ϕA(y) εµαβγ e∗αρT pβ nγ . (16)
The second term of the Taylor expansion gives only terms appearing at twist 3
and reads
Φ
γ∗→ρ(1)
2−parton = −
1
4
∫
dy
∫
d2ℓ⊥
(2π)2
∫
d2x⊥ (−iℓ⊥ · x⊥)H˜Γα(y, x⊥)
∫
dλ
2π
e−iλy
×
∫
d2z⊥ e−iℓ⊥·z⊥〈ρ(p)|ψ¯(λn+ z⊥) Γα ψ(0)|0〉
= −1
4
∫
dy
∫
d2ℓ⊥
(2π)2
∫
d2x⊥ xα⊥H˜
Γβ(y, x⊥)
∫
dλ
2π
e−iλy
×
∫
d2z⊥
∂
∂zα⊥
(e−iℓ⊥·z⊥)〈ρ(p)|ψ¯(λn+ z⊥) Γβ ψ(0)|0〉 . (17)
An integration by parts, denoting
←→
∂⊥α =
1
2
(
−→
∂⊥α −
←−
∂⊥α ), and using the identity
− ∂
∂zα⊥
〈ρ(p)|ψ¯(λn + z⊥) Γβ ψ(0)|0〉 = 〈ρ(pρ)|ψ¯(z)Γβ
←→
∂Tα ψ(0)|0〉 , (18)
finally leads to
Φ
γ∗→ρ(1)
2−parton = −
1
4
∫
dy
∫
d2x⊥xα⊥H˜
Γβ(y, x⊥)
×
∫
dλ
2π
e−iλy〈ρ(pρ)|ψ¯(λn)Γβ
←→
∂⊥α ψ(0)|0〉 . (19)
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The corresponding matrix elements of the relevant non-local correlators in-
volved in Eq. (19) are parametrised by [56, 57]∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) γµ
←→
∂⊥α ψ(0)|0〉 = −imρfρ ϕT1 (y) pµ e∗ρTα , (20)∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) γ5γµ
←→
∂⊥α ψ(0)|0〉 = mρfρ ϕTA(y) pµ εαβδγ e∗βρT pδ nγ . (21)
To summarize our approach, the impact factor up to twist 3, after performing
the collinear approximation, has the form
1∑
k=0
Φ
γ∗→ρ(k)
2−parton = −
1
4
∫
dy
∫
d2x⊥ H˜
Γβ(y, x)
×
1∑
k=0
(−x⊥ · ∂⊥)k
k!
(∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn+ z⊥) Γβ ψ(0)|0〉
)
z⊥=0⊥
.(22)
Using the hard and soft parts together, we thus obtain, for the vector part
of the 2-parton impact factor Φγ
∗→ρ
V and axial-vector part Φ
γ∗→ρ
A
Φγ
∗→ρ
V =−
1
4
mρfρ
∫
dy
∫
d2x⊥ [ϕ3(y)e∗ρ⊥µ − iϕT1 (y)p1µ(e∗ρ⊥ · x⊥)]H˜γ
µ
(y, x⊥), (23)
Φγ
∗→ρ
A =−
1
4
mρfρ
∫
dy
∫
d2x⊥ [iϕA(y)εµe∗
ρ⊥
p1n+ϕ
T
A(y)p1µεx⊥e∗ρ⊥p1n]H˜
γ5γµ(y, x⊥) .
(24)
In the following part we will compute the 2-parton hard parts Hγ
µ
(y, ℓ⊥)
and Hγ5γ
µ
(y, ℓ⊥), and then we will derive the expressions of their Fourier
transforms in the transverse coordinate space H˜γ
µ
(y, x⊥) and H˜γ5γ
µ
(y, x⊥).
2.3. Calculations of the hard parts in transverse coordinate space
We now compute the hard parts in momentum space Hγ
µ
(y, ℓ⊥) and
Hγ5γ
µ
(y, ℓ⊥) in a kinematics extended to the transverse degrees of freedom
ℓ⊥ of the partons when compared to the kinematics of Ref. [56, 57, 58].
The partons are kept on the mass-shell and in the collinear limit (ℓ⊥ → 0),
this kinematics is the same than in the previous references, which allows to
compare the final results after integration over x of the Fourier transforms.
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The Sudakov decomposition of the momenta are3
ℓq = yp1 + ℓq⊥ +
ℓ2
ys
p2
ℓq¯ = y¯p1 − ℓq⊥ + ℓ
2
y¯s
p2
pρ = p1 +
ℓ2
s
1
yy¯
p2 = p1 +
p2ρ
s
p2 . (25)
The momentum of the incoming photon is
q = p1 − Q
2
s
p2 , (26)
while the momenta of the gluons in t-channel are
k1 =
κ+ k2 +Q2
s
p2 + k⊥ ,
k2 =
κ+ k2 − p2ρ
s
p2 + k⊥ . (27)
We use the same labelling of diagrams as in Ref. [57]. After computing
all the 6 diagrams (a), (b), (c), (d), (e), (f), shown in Fig. 4, we perform
the integral over κ by the method of residues to get the contribution to the
impact factor, according to Eq. (9). Four poles in κ appear, which are
• Diagram (a) and (e) : κ1 = (ℓ−yk)2yy¯ − iη
• Diagram (b) and (c) : κ2 = (ℓ+y¯k)2yy¯ − iη
• Diagram (b) and (e) : κ3 = −1y¯ ((k + ℓ)2 − ℓ2 + y¯(k2 +Q2)) + iη
• Diagram (d) and (f) : κ4 = −1y ((k − ℓ)2 − ℓ2 + y(k2 +Q2)) + iη .
The amplitudes associated to each diagrams (a), (b), (c), (e), that will
give a non-zero contribution when we integrate over κ, closing the con-
tour in the lower κ plane, denoted by C−, reads for the different structures
Γα ≡ {γµ, γµγ5}
3In this paper, overlined letters like y¯ denote 1− y.
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Figure 4: The 6 hard diagrams attached to the 2-parton correlators, which contribute
to the γ∗ → ρ impact factor, with momentum flux of external line, along p1 direction.
These drawing implicitly assume that the two right-hand side spinor lines are closed on
the various possible Fierz structures Γ, here /p or /p γ5.
• diagram (a):
iMΓαa =
ie√
2
g2δab
2Nc
2
s
tr[/eγ(−y¯/p1 + ℓ2+yQ2ys /p2 + /ℓ⊥)/p2(−y¯)/p1/p2Γα]
− y¯
y
(ℓ2 + µ2)(κ− κ1)
=
2ie√
2
g2δab
2Nc
y
tr[/eγ(−y¯/p1 + /ℓ⊥)/p2Γµ]
(ℓ2 + µ2)(κ− κ1)
. (28)
• diagram (b)
iMΓαb = −
ie√
2
g2δab
2Nc
2
s
tr[/p2(y/p1 + /k⊥ + /ℓ⊥)/eγ(−y¯/p1 + /k⊥ + /ℓ⊥)/p2Γα]
yy¯(κ− κ2)(κ− κ3)
=
2ie√
2
g2δab
2Nc
1
yy¯(κ− κ2)(κ− κ3)
×{y¯tr(/p2(/k⊥ + /ℓ⊥)/eγΓα)− ytr(/eγ(/k⊥ + /ℓ⊥)/p2Γα)} . (29)
• diagram (c)
iMΓαc = −
2ie√
2
g2δab
2Nc
y¯
tr[/p2(y/p1 + /ℓ⊥)/eγΓα]
(ℓ2 + µ2)(κ− κ2)
. (30)
13
• diagram (e)
iMΓαe = −
2ie√
2
g2δab
2Nc
1
yy¯(κ− κ1)(κ− κ4)
×{y¯ tr(/p2(/k⊥ − /ℓ⊥)/eγΓα)− y tr(/eγ(/k⊥ − /ℓ⊥)/p2Γα)} . (31)
In the above expressions, the scale µ2 is defined by
µ2 = y y¯ Q2 . (32)
The impact factor is proportional to the integral over κ of the hard part,
according to the definition (9), which we symbolically write
1
2s
∫
C−
dκ
2π
iMΓα = − i
2s
Resκ(iMΓα) (33)
with iMΓα =∑4k=1 iMΓαi is the sum over the 4 contributing diagrams, and
since the integration is performed along the contour C−, the r.h.s of (33)
means the sum of the residue at κ1 and κ2. We note that
κ1 − κ4 = 1
yy¯
((ℓ− k)2 + µ2) , (34)
κ2 − κ3 = 1
yy¯
((ℓ+ k)2 + µ2) . (35)
Thus,
HΓ
α
γ∗
T
(y, ℓ) =
eg2δab√
22Ncs
{
y tr[/eγ(/ℓ⊥ − y¯/p1)/p2Γα]− y¯ tr[/p2(y/p1 + /ℓ⊥)/eγΓα]
ℓ2 + µ2
−y tr[/eγ(/ℓ⊥ − /k⊥)/p2Γ
α]− y¯ tr[/p2(/ℓ⊥ − /k⊥)/eγΓα]
(ℓ− k)2 + µ2
−y tr[/eγ(/ℓ⊥ + /k⊥)/p2Γ
α]− y¯ tr[/p2(/ℓ⊥ + /k⊥)/eγΓα]
(ℓ+ k)2 + µ2
}
.
The vector and the axial-vector hard part read respectively
Hγ
µ
γ∗
T
(y, ℓ) = −4eg
2
√
2
δab
2Nc
eµγ
yy¯
ℓ2 + µ2
− 4 eg
2
s
√
2
δab
2Nc
(y − y¯) pµ2
×
{
eγ · ℓ
ℓ2 + µ2
− eγ · (ℓ+ k)
(ℓ+ k)2 + µ2
− eγ · (ℓ− k)
(ℓ− k)2 + µ2
}
(36)
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and
Hγ
µγ5
γ∗
T
(y, ℓ) = 4i
eg2
s
√
2
δab
2Nc
× εµνρσ
(
eγνℓ⊥ρp2σ
ℓ2 + µ2
− eγν(ℓ⊥ρ + k⊥ρ)p2σ
(ℓ+ k)2 + µ2
− eγν(ℓ⊥ρ − k⊥ρ)p2σ
(ℓ− k)2 + µ2
)
. (37)
The Fourier transforms of propagators in (36, 37) are related to the modified
Bessel functions Kν(x)
1
ℓ2 + µ2
=
∫
d2x
2π
K0(µ|x|)eiℓ·x , (38)
ℓ
ℓ2 + µ2
= −i
∫
d2x
2π
µ
x
|x|K1(µ|x|)e
iℓ·x . (39)
The Fourier transforms of the vector and axial-vector hard part read thus
H˜γ
µ
(y, x)= 4
eg2
(2π)
√
2
δab
2Nc
(−yy¯K0(µ|x|)eµγ
+ pµ2(y − y¯)iµ
eγ · x
|x| K1(µ|x|)
[
(1− eik·x)(1− e−ik·x)− 1]) , (40)
H˜γ
µγ5(y, x)=
4
eg2
s(2π)
√
2
δab
2Nc
µK1(µ|x|)
[
εµνρσ eγν
x⊥ρ
|x| p2σ
]
[(1− eik·x)(1− e−ik·x)− 1] . (41)
2.4. The 2-parton γ∗T → ρT impact factor
Substituting in the expressions of the impact factors, Eqs. (23, 24), re-
spectively the vector (40) and axial-vector (41) hard parts, we get
Φγ
∗→ρ
V = −
CabQ2
2
∫
dy
∫
d2x
2π
{−2yy¯ϕ3(y)K0(µ|x|) eγ · e∗ρ
+ (y − y¯)ϕT1 (y)(e∗ρ · x)
x · eγ
|x| µK1(µ|x|)
[
(1− eik·x)(1− e−ik·x)− 1]} (42)
and
Φγ
∗→ρ
A =
−CabQ2
s
∫
dy
∫
d2x⊥
2π
ϕTA(y)
2
s
εx⊥e∗ρ⊥p1p2εx⊥eγ⊥p1p2
× µK1(µ|x|) ((1− eik·x)(1− e−ik·x)− 1) , (43)
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where we define
Cab = −eg
2
√
2
mρfρ
δab
2Nc
1
Q2
. (44)
Note that the term with ϕA in Eq. (24) vanishes due to the structure of the
expression (41). Using εx⊥e∗ρ⊥p1p2εx⊥eγ⊥p1p2 =
s2
4
(x2⊥eγ⊥ · e∗ρ⊥ − (eγ⊥ · x⊥)(x⊥ ·
e∗ρ⊥)), the axial-vector contribution takes the form
Φγ
∗→ρ
A = −
CabQ2
2
∫
dy
∫
d2x
2π
ϕTA(y)
[
e∗ρ · eγ −
(e∗ρ · x) (x · eγ)
|x|2
]
×µ|x|K1(µ|x|)((1− eik·x)(1− e−ik·x)− 1) . (45)
The whole 2-parton contribution thus reads
Φγ
∗→ρ
2−parton = Φ
γ∗→ρ
V + Φ
γ∗→ρ
A (46)
= −C
abQ2
2
∫
dy
∫
d2x
2π
{−2yy¯ϕ3(y)K0(µ|x|) eγ · e∗ρ
+
[(
(y − y¯)ϕT1 (y)− ϕTA(y)
) (e∗ρ · x) (x · eγ)
|x|2 + ϕ
T
A(y) e
∗
ρ · eγ
]
× µ|x|K1(µ|x|)((1− eik·x)(1− e−ik·x)− 1)
}
. (47)
This result does not seem to be proportional to the familiar dipole factor
N (x, k) = (1− eik·x)(1− e−ik·x) (48)
describing the coupling to the two t−channel gluons. The dipole structure
(48) is recovered by the use of the QCD EOM, which relate the various DAs
appearing in Eq. (47). The solution for a DA ϕ(y) of these equations can
be split in ϕ(y) = ϕWW (y) + ϕgen(y), where ϕWW (y) is solution of EOM in
the Wandzura-Wilczek approximation, i.e. in the limit of vanishing 3-parton
DAs. These equations [56, 57] lead in the WW approximation to the relation
2y y¯ ϕWW3 (y) + (y − y¯)ϕT WW1 + ϕT WWA (y) = 0 , (49)
which appears in Eq. (47) rewritten in the form
Φγ
∗→ρ
2−parton = −
CabQ2
2
∫
dy
∫
d2x
2π
(50)
×{[−(2y y¯ ϕ3(y) + (y − y¯)ϕT1 + ϕTA(y))]K0(µ|x|) eγ · e∗ρ
+
[[
(y − y¯)ϕT1 (y)− ϕTA(y)
] e∗ρ · xx · eγ
|x|2 + ϕ
T
A(y)e
∗
ρ · eγ
]
× µ|x|K1(µ|x|)N (x, k)},
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in which we used the following integral relations∫
d2x
2π
µ|x|K1(µ|x|) = 2
∫
d2x
2π
K0(µ|x|) = 2
µ2
(51)∫
d2x
2π
e∗ρ · x
x · eγ
|x| µK1(µ|x|) = eγ · e
∗
ρ
∫
d2x
2π
K0(µ|x|) . (52)
2.5. The Wandzura-Wilczek approximated impact factor in the dipole picture
Using Eq. (49), the 2-parton WW contribution (50) exhibits the interac-
tion term (1 − eik·x)(1 − e−ik·x) between the dipole of transverse size x and
the gluons in t-channel of transverse momenta k as
Φγ
∗→ρWW
2−parton = −
CabQ2
2
∫
dy
∫
d2x
2π
{[
(y − y¯)ϕT WW1 (y)− ϕT WWA (y)
]
× (e
∗
ρ · x) (x · eγ)
|x|2 + ϕ
T WW
A (y)e
∗
ρ · eγ
}
µ|x|K1(µ|x|)N (x, k) . (53)
This result will be extended in part 4.1 to the genuine DAs ϕgen solutions
of EOM in the presence of the 3-parton DAs. Similarly to the momentum
space analysis, one can split the result (53) into spin non-flip Φγ
∗→ρ
2−parton, n.f.
and spin flip Φγ
∗→ρ
2−parton, f. contributions
Φγ
∗→ρWW
2−parton, n.f. = −
CabQ2
2
∫
dy
(
ϕT WWA + (y − y¯)ϕT WW1
)
×
∫
d2x
2π
1
2
e∗ρ · eγ µ|x|K1(µ|x|)N (x, k) (54)
and
Φγ
∗→ρWW
2−parton, f. = −
CabQ2
2
∫
dy
(
ϕT WWA − (y − y¯)ϕT WW1
)
×
∫
d2x
2π
(
1
2
e∗ρ · eγ −
(e∗ρ · x)(eγ · x)
|x|2
)
µ|x|K1(µ|x|)N (x, k) . (55)
Let us note that after the introduction of quark helicites as characteristics
of the states (here quark and antiquark are massless, therefore the quark
and antiquark helicities are opposite), the final formula has a form (see e.g.
Ref. [69]) of a sum over intermediate quark helicity (λ) states of the products
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of photon wave functions, dipole factor and the specific combinations of DAs
for each ρ meson helicity state, according to
Φγ
∗→ρWW
2−parton, n.f. =
mρ fρ√
2
∫
dy
∫
d2x g2 δabN (x, k)
∑
λ
φWWiλ Ψ
γ∗
T
iλ , (56)
Φγ
∗→ρWW
2−parton, f. =
mρ fρ√
2
∫
dy
∫
d2x g2 δabN (x, k)
∑
λ,i 6=j
φWWiλ Ψ
γ∗T
jλ . (57)
The coefficient 1√
2
, explicitly factorised out, is related to the partonic con-
tent of the ρ0−meson as a uu¯−dd¯√
2
state such that the meson involved below
is understood as a one flavour quark–antiquark state. We now define the
following combinations
φWW++ = −i(e+∗ρ · x)
1
8Nc
(ϕT WWA + ϕ
T WW
1 )
=
x∗√
2
1
8Nc
(ϕT WWA + ϕ
T WW
1 ) , (58)
φWW+− = −i(e+∗ρ · x)
1
8Nc
(ϕT WWA − ϕT WW1 )
=
x∗√
2
1
8Nc
(ϕT WWA − ϕT WW1 ) , (59)
φWW−+ = −i(e−∗ρ · x)
1
8Nc
(ϕT WWA − ϕT WW1 )
= − x√
2
1
8Nc
(ϕT WWA − ϕT WW1 ) , (60)
φWW−− = −i(e−∗ρ · x)
1
8Nc
(ϕT WWA + ϕ
T WW
1 )
= − x√
2
1
8Nc
(ϕT WWA + ϕ
T WW
1 ) , (61)
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Figure 5: The 2-parton contribution to the γ∗ → ρT impact factor in the dipole factorised
form.
and for the γ∗ [70]
Ψ++(y, x) = i
e
π
y
e+γ · x
|x| µK1(µ|x|) =
e
π
√
2
y
x
|x|µK1(µ|x|) , (62)
Ψ+−(y, x) = i
e
π
y¯
e+γ · x
|x| µK1(µ|x|) =
e
π
√
2
y¯
x
|x|µK1(µ|x|) , (63)
Ψ−+(y, x) = i
e
π
y¯
e−γ · x
|x| µK1(µ|x|) = −
e
π
√
2
y¯
x∗
|x|µK1(µ|x|) , (64)
Ψ−−(y, x) = i
e
π
y
e−γ · x
|x| µK1(µ|x|) = −
e
π
√
2
y
x∗
|x|µK1(µ|x|) , (65)
with, for the polarisations of the γ∗ and the ρ meson,
ǫ± = ∓ i√
2


0
1
±i
0

 , (66)
and
x = x1 + ix2 . (67)
The obtained factorised structures (56) and (57) are illustrated in Fig. 5.
We believe that the combinations of DAs appearing in these formulae are
universal and related to the first derivative of the unknown ρ meson wave
function. It would be interesting to have a deeper understanding of the
appearance of those combinations of DAs.
Performing the integral over x of the results (54) and (55) using∫
d2x
2π
µ
xi xj
|x| K1(µ|x|)e
iℓ·x =
1
ℓ2 + µ2
(
δij − 2
ℓi ℓj
ℓ2 + µ2
)
, (68)
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we recover the same results in momentum space of Ref. [57] for the impact
factors Φγ
∗→ρ
2−parton, n.f. and Φ
γ∗→ρ
2−parton, f.
Φγ
∗→ρWW
2−parton, n.f. = −
CabQ2
2
∫
dy
(
ϕT WWA + (y − y¯)ϕT WW1
)
×Tn.f. 2
µ2
k2(k2 + 2µ2)
(k2 + µ2)2
, (69)
Φγ
∗→ρWW
2−parton, f. = −
CabQ2
2
∫
dy
(
ϕT WWA − (y − y¯)ϕT WW1
)
×Tf. −4k
2
(k2 + µ2)2
, (70)
with for the spin non-flip Tn.f. and spin flip Tf. tensors
Tn.f. = e
∗
ρ · eγ , (71)
Tf. =
(e∗ρ · k) (k · eγ)
k2
− e
∗
ρ · eγ
2
. (72)
This fact can be seen as a self-consistency check of our calculation. Note
that in the treatment in momentum space performed in Refs. [56, 57], the
contribution up to twist 3 of the 2-body part involves 6 diagrams for HΓ
µ
(y),
(a), .., (f) and 12 additional diagrams (a1), (a2), ..,(f2) corresponding to the
first order term of the Taylor expansion around the longitudinal direction p1
of the hard part ∂H
Γ
µ
∂ℓα
(ℓ = yp1).
2.6. γ∗L → ρL impact factor in dipole picture
We end up this section by recalling for completeness the result for the
γ∗L → ρL impact factor. The γ∗L → ρL impact factor starts at twist 2, and the
following result holds up to twist 3 as all contributions of twist 3 are zero.
The only contribution involves the twist 2 correlator,∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) γα ψ(0)|0〉 = mρfρϕ1(y)(e∗ · n)p1α . (73)
According to Eq. (14), the amplitude reads
Φ
γ∗→ρ(0)
2−parton = −
1
4
∫
dy
∫
d2x⊥ H˜
γα(y, x⊥)
∫
dλ
2π
e−iλy〈ρ(p)|ψ¯(λn) γα ψ(0)|0〉
= −mρfρ
4
∫
dyϕ1(y)(e
∗ · n)
∫
d2x⊥ H˜/p1(y, x⊥) . (74)
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With the same kinematics, the hard part reads
p1µH
γµ
γ∗
L
(y, ℓ)=−4Qeg
2δab√
22Nc
y y¯
(
2
ℓ2 + µ2
− 1
(ℓ+ k)2 + µ2
− 1
(ℓ− k)2 + µ2
)
.(75)
The Fourier transform has thus the form
H˜
/p1
γ∗
L
(y, x) = − 4Qe
(2π)
√
2 2Nc
y y¯ K0(µ|x|)g2 δabN (x, k)
= −g
2δabN (x, k)
NC 2
√
2
∑
λ
Ψγ
∗
0λ(x, y) , (76)
where we identify the wave function of γ∗L
Ψγ
∗
0λ(x, y) =
e
π
µ2
Q
K0(µ|x|) (77)
in accordance with Ref. [71] (up to a normalization). The impact factor has
thus the form
Φ
γ∗
L
→ρL
2−parton =
mρfρ√
2
∫
dy
∫
d2x g2δabN (x, k)
∑
λ
(e∗L · n)ϕ1(y)
8NC
Ψγ
∗
0λ(x, y)
=
mρfρ√
2
∫
dy
∫
d2x g2δabN (x, k)
∑
λ
φ0λΨ
γ∗
0λ(x, y) (78)
where the meson involved is again considered as a one flavour quark–antiquark
state, with a wave function defined as
φ0λ =
e∗L · n
8Nc
ϕ1(y) . (79)
Note that performing the integral over x we recover, as expected, the
same result as in momentum space
Φγ
∗
L→ρL =
eg2δabfρQ√
22Nc
∫
dy yy¯ϕ1(y)
∫
d2x
2π
K0(µ|x|)(1− eik·x)(1− e−ik·x)
=
2eg2δabfρ√
22NcQ
∫
dy ϕ1(y)
k2
k2 + µ2
.
21
3. The 3-parton impact factor
3.1. Collinear factorisation beyond leading twist, in the transverse coordinate
space
To perform a full twist 3 computation of the Φγ
∗
T→ρT impact factor, we
have to go beyond the WW aproximation and take into account the ρ−meson
3-parton Fock state contribution. The treatment that we will follow below
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Figure 6: Factorization with Fierz identity of the 3-parton γ∗ → ρ impact factor.
for the 3-parton amplitude, goes globally in the same way as in the 2-parton
case.
Using the Fierz identity we first factorise spinor and colour indices linking
the hard part to the fields of the non-local correlator, see Fig. 6, as
Φγ
∗→ρ
3−parton =
∫
d4ℓ1
(2π)4
d4ℓg
(2π)4
tr[Hα(ℓ1, ℓg)Sα(ℓ1, ℓg)]
= −1
4
∫
d4ℓ1
(2π)4
d4ℓg
(2π)4
tr[Hα(ℓ1, ℓg)Γ
β]S
Γβ
α (ℓ1, ℓg) . (80)
We use the Sudakov decomposition of the momenta of partons i, ℓi = αip+
βin+ ℓi⊥ and for the Fourier conjugate coordinates zi = αzip+ βzin+ zi⊥ in
the argument of the non-local correlator defining the soft part S.We factorise
the amplitude in the momentum space, and reduce it to a convolution on the
longitudinal fractions yi of the ρ meson momentum p carried by the partons.
It reads
Φγ
∗→ρ
3−parton = −
1
4
∫
dy1dyg
∫
d4ℓ1
(2π)4
d4ℓg
(2π)4
tr[Hα(ℓ1, ℓg)Γ
β]
×
∫
dλ1
2π
eiλ1(ℓ1·n−y1)
∫
dλg
2π
eiλg(ℓg·n−yg)
∫
d4z1e
−iℓ1·z1
∫
d4zge
−iℓg·zg
×〈ρ(p)|ψ¯(z1) iΓβ gA⊥α (zg)ψ(0)|0〉 . (81)
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Using the Sudakov decompositions of the momenta ℓi and of the coordinates
zi we obtain the expression
Φγ
∗→ρ
3−parton = −
1
4
∫
dy1dyg
∫
d2ℓ1⊥
(2π)2
d2ℓg⊥
(2π)2
tr[Hα(y1, yg, ℓ1⊥, ℓg⊥)Γβ]
×
∫
dα1 dβ1
(2π)2
∫
dαg dβg
(2π)2
∫
dλ1
2π
dλg
2π
e−iλ1y1−iλgyg
×
∫
dαz1dβz1
∫
dαzgdβzg e
−iα1(βz1−λ1)−iαg(βzg−λg)e−iβ1αz1−iβgαzg
×
∫
d2z1⊥d2zg⊥e−iℓ1⊥·z1⊥−iℓg⊥·zg⊥〈ρ(p)|ψ¯(z1) iΓβ gA⊥α (zg)ψ(0)|0〉 , (82)
in which after simple integrations over αi and βi we obtain the following
formula in which the hard part has still a dependence on the transverse
momenta of partons
Φγ
∗→ρ
3−parton = −
1
4
∫
dy1dyg
∫
d2ℓ1⊥
(2π)2
d2ℓg⊥
(2π)2
tr[Hα(y1, yg, ℓ1⊥, ℓg⊥)Γβ]
×
∫
dλ1
2π
e−iλ1y1
∫
dλg
2π
e−iλgyg
∫
d2z1⊥e−iℓ1⊥·z1⊥
∫
d2zg⊥e−iℓg⊥·zg⊥
×〈ρ(p)|ψ¯(λ1n+ z1⊥) iΓβ gA⊥α (λgn+ zg⊥)ψ(0)|0〉 . (83)
Let us denote by Hα,Γ
µ
(yi, yj, ℓi⊥, ℓj⊥) the trace which involves the hard scat-
tering amplitude
Hα,Γ
β
(yi, yj, ℓi⊥, ℓj⊥) = tr[Hα(yi, yj, ℓi⊥, ℓj⊥)Γβ] , (84)
and let us introduce its Fourier transform H˜Γ
β
(yi, yj, xi⊥, xj⊥) defined as
Hα,Γ
β
(yi, yj, ℓi⊥, ℓj⊥)
=
∫
d2xi⊥d2xj⊥H˜α,Γ
β
(yi, yj, xi⊥, xj⊥) e−i(ℓi⊥·xi⊥+ℓj⊥·xj⊥) . (85)
At twist 3, the 3-parton hard part contribution is given by the first term
of the Taylor expansion around the collinear direction. Hence the 3-parton
contribution to twist 3 is given by
Hα,Γ
β
(yi, yj, 0⊥, 0⊥) =
∫
d2x1⊥d2xg⊥H˜α,Γ
β
(y1, yg, x1⊥, xg⊥) . (86)
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Substituting the representation (86) of the hard part in Eq. (83) and per-
forming the integral over ℓi⊥, we thus obtain
Φγ
∗→ρ
3−parton = −
1
4
∫
dy1dyg
∫
d2x1⊥d2xg⊥H˜α,Γ
β
(y1, yg, x1⊥, xg⊥)
×
∫
dλ1
2π
e−iλ1y1
∫
dλg
2π
e−iλgyg〈ρ(p)|ψ¯(λ1n) iΓβ gA⊥α (λgn)ψ(0)|0〉 .(87)
The soft correlators appearing in Eq. (87) are parametrised by∫
dλ1
2π
dλg
2π
e−iλ1y1−iλgyg〈ρ(p)|ψ¯(λ1n) iγµ gA⊥α (λgn)ψ(0)|0〉
= −imρ fρ ζV3ρB(y1, y2) pµ eρ⊥α , (88)∫
dλ1
2π
dλg
2π
e−iλ1y1−iλgyg〈ρ(p)|ψ¯(λ1n) iγ5γµ gA⊥α (λgn)ψ(0)|0〉
= −imρ fρ ζA3ρ iD(y1, y2) pµ εαeρ⊥pn . (89)
Using these parametrisation in (87), we obtain
Φγ
∗→ρ
3−parton =
imρfρ
4
∫
dy1dyg
∫
d2x1⊥d
2xg⊥
×
[
H˜eρ⊥,/p(y1, yg, x1⊥, xg⊥) ζV3ρB(y1, y1 + yg)
+ H˜R⊥,/pγ5(y1, yg, x1⊥, xg⊥) iζA3ρD(y1, y1 + yg)
]
, (90)
where we use the notations
H˜a,Γ
µbµ ≡ H˜α,Γµ aα bµ , (91)
R⊥α ≡ εαµνσ eµρ⊥ pν nσ . (92)
It is more convenient to use the combinations S(y1, y2) and M(y1, y2) of 3-
parton DAs defined in Ref. [58] as
S(y1, y2) = ζ
V
3ρB(y1, y2) + ζ
A
3ρD(y1, y2) , (93)
M(y1, y2) = ζ
V
3ρB(y1, y2)− ζA3ρD(y1, y2) . (94)
S(y1, y2) and M(y1, y2) satisfy the following relations
S(y¯2, y¯1) = −M(y1, y2) , (95)
M(y¯2, y¯1) = −S(y1, y2) , (96)
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Figure 7: The kinematics for 3-parton contributions.
due to the symmetry properties of the DAs B(y1, y2) and D(y1, y2) under
C−parity transformations. Using the combinations (93, 94) of DAs, the
3-parton contribution (90) reads
Φγ
∗→ρ
3−parton =
imρfρ
4
∫
dy1dyg
∫
d2x1⊥d
2xg⊥
×
[
S(y1, y1 + yg)
2
(H˜eρ⊥,/p(y1, yg, x1⊥, xg⊥) + i H˜R⊥,/pγ5(y1, yg, x1⊥, xg⊥))
+
M(y1, y1 + yg)
2
(H˜eρ⊥,/p(y1, yg, x1⊥, xg⊥)− i H˜R⊥,/pγ5(y1, yg, x1⊥, xg⊥))
]
. (97)
The next section is mainly devoted to the computations of the Fourier trans-
forms H˜eρ⊥,/p(y1, yg, x1⊥, xg⊥)± i H˜R⊥,/pγ5(y1, yg, x1⊥, xg⊥).
3.2. Diagrams and colour structure of the 3-parton hard part
3.2.1. Kinematics
To get information on the dependence of the Fourier transforms H˜’s on
transverse coordinates, we need to extend the kinematics in order to in-
clude the transverse degrees of freedom of the momenta of the partons. The
kinematics we use here, as in the 2-partons kinematics Eq. (25), satisfies
the on-shell condition for each parton, and it reduces to the kinematics of
Ref. [57] in the collinear limit.
The Sudakov decomposition of the momenta of the partons are thus de-
25
fined in analogy with Eq. (25),
ℓ1 = y1p1 + ℓ1⊥ +
ℓ21
y1s
p2 , (98)
ℓ2 = y¯2p1 + ℓ2⊥ +
ℓ22
y¯2s
p2 , (99)
ℓg = ygp1 + ℓg⊥ +
ℓ2g
ygs
p2 , (100)
with y1 + y¯2 + yg = 1 and ℓ1⊥ + ℓ2⊥ + ℓg⊥ = 0. The resulting momentum of
the ρ meson is:
pρ = p1 +
1
s
(
ℓ21
y1
+
ℓ22
y¯2
+
ℓ2g
yg
)
p2 = p1 +
p2ρ
s
p2 (101)
and thus
p2ρ =
ℓ21
y1
+
ℓ22
y¯2
+
ℓ2g
yg
. (102)
The momenta of the incoming photon and of the t-channel gluons are fixed
according to Eqs. (26) and (27).
3.2.2. Classification of the diagrams in colour dipole configurations
Below we consider QCD with SU(Nc) group, with Nc finite. The fac-
torised impact factor in momentum space reads
Φγ
∗→ρ
3−parton, ext. =
imρfρ
4
∫
dy1dyg
×
[
S(y1, y1 + yg)
2
(Heρ⊥,/p(y1, yg, ℓ1⊥, ℓg⊥) + iHR⊥,/pγ5(y1, yg, ℓ1⊥, ℓg⊥))
+
M(y1, y1 + yg)
2
(Heρ⊥,/p(y1, yg, ℓ1⊥, ℓg⊥)− iHR⊥,/pγ5(y1, yg, ℓ1⊥, ℓg⊥))
]
. (103)
Note that the above expression Φγ
∗→ρ
3−parton, ext. is an extension of the impact
factor, in such a way that the hard part is treated in the kinematics where the
partons carry non zero transverse momenta. This Φγ
∗→ρ
3−parton, ext. mixes twist 3
terms (which are the only one remaining in the collinear limit ℓ1⊥ = ℓg⊥ = 0),
26
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1
−y¯2
yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
(aG1) (bG1) (eG1)
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
(aG2) (bG2) (eG2)
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
(cG1) (dG1) (fG1)
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
PSfrag replacements
Φq
k1
k2ρ
κ
γ∗
H
S
HΓ
α
SΓαρ
γ∗
Hα
Sα
HαΓ
β
S
Γβ
αρ
y1−y¯2yg
(cG2) (dG2) (fG2)
Figure 8: The 12 ”Abelian“ (i.e. without triple gluon vertex) type contributions from
the hard scattering amplitude attached to the 3-parton correlators for the γ∗ → ρ impact
factor, with momentum flux of external line, along p1 direction.
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Figure 9: The 12 ”non-Abelian“ (with one triple gluon vertex) contributions from the hard
scattering amplitude attached to the 3-parton correlators, for the γ∗ → ρ impact factor,
with momentum flux of external line, along p1 direction.
with higher twist terms introduced by the nonvanishing transverse momenta
ℓ1⊥ and ℓg⊥.
The panel of diagrams contributing to Eq. (103) is composed of 12 ’Abelian’
diagrams, shown in Fig. 8 and 12 ’Non-abelian’ diagrams with one gluon ver-
tex, see Fig. 9 and 4 ’Non-Abelian’ diagrams with 2 triple-gluon vertices, see
Fig. 10. Similarly to the 2-parton hard part computation, we perform the
integral over κ, according to Eq. (9), using the residues method applied to
the contour C−.
These calculations proceed in full analogy with the ones performed in [57].
For completeness of the present paper, we present in the Appendix A in more
details the calculation of the diagrams aG1 (of the Abelian types), atG1 (the
non-Abelian type with one triple gluon vertex) and gttG1 (the non-Abelian
type with 2 triple gluon vertex). The degrees of freedom which we want to
consider now are colour dipoles, made of a colour-anticolour singlet pair in
the fundamental representation, constructed either from a qq¯ pair, denoted
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Figure 10: The 4 ”non-Abelian“ (with two triple gluon vertices) contributions from the
hard scattering amplitude attached to the 3-parton correlators, for the γ∗ → ρ impact
factor, with momentum flux of external line, along p1 direction.
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Figure 11: The {qq¯}, {qg} and {q¯g} dipoles interacting with the t−channel gluons.
by{qq¯}, or from a quark and the ”antiquark part” of the gluon (denoted by
{qg}), or from an antiquark and the ”quark part” of the gluon (denoted by
{q¯g}). We now group, see Fig. 11, the diagrams involving independently
the 3 colour dipoles constituted by the pairs {qq¯}, {qg} and {q¯g}. Due
to the topology of the associated diagrams, the dipole {qq¯} is suppressed
by 1/N2c , the corresponding diagram being non-planar. We will justify in
Section 3.2.3 that these diagrams contain only colour dipole interactions with
the t−channel gluons in colour space.
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Figure 12: The {q¯g} dipole content.
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The 6 diagrams corresponding to the interaction of the {q¯g} system with
the t−channel gluons are the contribution in δab
2NC
NC
CF
of aG1, httG1, atG1,
etG1, dtG1, btG2, shown in Fig. 12. The results of the diagrams associated to
the {qg} system, cG1, gttG1, ctG1, ftG1, btG1, dtG2 are obtained from the
diagrams of the {q¯g} system by exchanging the role of the quark and the anti-
quark. The diagrams associated to the {qq¯} system are the contribution in
δab
2NC
(
NC
CF
− 2
)
of aG1, bG2, dG1 and the symmetric diagrams under exchange
of the quark and the anti-quark, cG1, dG2, bG1, shown in Fig. 13.
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Figure 13: The {qq¯} dipole content.
3.2.3. Colour structure of the hard part
In colour space, after factorisation of the hard part and of the soft part,
two types of diagrams appear, the abelian diagrams corresponding to the {qq¯}
system and the non-abelian diagrams corresponding to the {qg} and {q¯g}
systems. Using Fierz identity we can show that in colour space both type
of diagrams are equivalent to a colour dipole interacting with the t−channel
gluons. For the abelian one, one gets
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2
1
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while the non-abelian structure reduces to
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This second identity can be easily derived based on the relation
Tr([ta , tb] tc) =
i
2
fabc , (106)
which can be represented graphically as
i
2
fabc =
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thus allowing to pass from the adjoint representation to the fundamental one.
We thus conclude from Eqs. (104, 105) that in colour space we expect only
dipole colour contributions even at finite NC .
3.3. Fourier transforms of the 3-parton diagrams in the collinear limit
In what follows we denote xi and ℓi respectively the transverse position
and momentum of the parton i. In order to get connection with the dipole
picture involving three partonic states and interacting with two t−channel
gluons, it is important to identify the relative momentum ℓij of the partons
forming the dipole {ij} interacting with these gluons. This will result for
example in the appearance in the formulae (112, 113) of the dependence on
the center of mass momentum of the partons Lij forming the interacting
dipole. As we show later, this dependence in Lij will affect the final form
of formulae (112, 113) after Fourier transform with respect to ℓij and then
taking the collinear limit. The 3-parton system carries two colour dipoles of
momenta Lij and ℓij . The interaction of the t−channel gluons having trans-
verse momentum k with the dipole ij is encoded in the dependence on gluonic
momenta having the form of the shift ℓij + k. Thus in our approach only
information about a dipole of momentum ℓij interacting with the t−channel
gluons survives the collinear limit.
Following Ref. [72], we identify the proper definitions of ℓij and Lij in
a way inspired by the analogy that exists in the infinite momentum frame
between the transformations of the sub-group F of Lorentz group leaving
invariant the hypersurface orthogonal to the direction p1 and the Galilei
tranformations in nonrelativistic 2-dimensional mechanics. In Ref. [72], a
dictionary is established between the generators of the Galilean transfor-
mations of a 2-dimensional system of nonrelativistic particles of masses mi,
positions xi and momenta ℓi, and the generators of the sub-group F of the
31
system of particles of longitudinal fractions of momentum yi, transverse posi-
tions xi and transverse momenta ℓi. The analog of the mass mi of the parton
i is proportional to yiQ in our computation, where yi is respectively y1, y¯2
and yg for the quark, the antiquark and the gluon.
{q¯g} Center of mass Gq¯g Reduced particle Rq¯g
momenta Lq¯g = ℓ2 + ℓg = −ℓ1 ℓq¯g = yg ℓ2−y¯2 ℓgy¯2+yg =
yg ℓ2−y¯2 ℓg
y¯1
positions xGq¯g =
y¯2x2+ygxg
y¯1
x = x2 − xg
masses mGq¯g = (y¯2 + yg)Q mRq¯g =
µ2q¯g
Q
= y¯2ygQ
y¯1
Table 1: Kinematical variables of the center of mass Gq¯g and of the reduced particle Rq¯g
for the system {q¯g}.
Let us focus on the diagram atG1 as an example. The diagram atG1
corresponds to the interaction of the antiquark-gluon 2-parton system {q¯g}
with the t-channel gluons. According to the above discussion, we treat the 2-
parton system {q¯g} as a 2-body non-relativistic system which is characterized
by its center of mass Gq¯g of position xGq¯g and momentum Lq¯g and its reduced
particle Rq¯g of relative position x from the center of mass. We show in
Table 1 the kinematical variables associated with Gq¯g and Rq¯g for the system
{q¯g}. This is illustrated in Fig. 14. The Fourier transform of the hard part
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Figure 14: The dynamics of the colour dipoles, illustrated for the diagram atG1. Here G
is the center of mass of the 3-parton system, Gq¯g is the center of mass of the system q¯g, R
′
and R are the respective reduced particles of the 2-body system {q Gq¯g} and {q¯g}. The
blue (black) dots symbolise the color cq and anticolor c¯q charges, which make the spectator
dipole. The red (grey) dots symbolise the color cq¯ and anticolor c¯q¯ charges, which make
the dipole interacting with the two t−channel gluons.
associated to the 2-parton system {q¯g} reads in this kinematics
H˜{q¯g}(x1, x2, xg) =
∫
d2L
(2π)2
d2ℓ2
(2π)2
d2ℓg
(2π)2
H{q¯g}(L, ℓ2, ℓg)δ
2(L)
× exp(−i((L− ℓ2 − ℓg) · x1 + ℓ2 · x2 + ℓg · xg))
=
∫
d2L
(2π)2
d2ℓ2
(2π)2
d2ℓg
(2π)2
H{q¯g}(L, ℓ2, ℓg)δ
2(L)
× exp(−i(L · xG + Lq¯g · (xGq¯g − x1) + ℓq¯g · x))
=
∫
d2ℓ2
(2π)2
d2ℓg
(2π)2
H{q¯g}(ℓ2, ℓg)
× exp(−i(Lq¯g · (xGq¯g − x1) + ℓq¯g · x)) (108)
with L = ℓ1 + ℓ2 + ℓg and xG = y1 x1 + y¯2 x2 + yg xg the momentum and the
position of the center of mass G of the 3-parton system. We now perform
the change of variables (ℓ2, ℓg) → (ℓq¯g, Lq¯g), which involves the Jacobian
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(y¯2 + yg)/y¯1 = 1, leading to
H˜{q¯g}(x1, x2, xg)=
∫
d2ℓq¯g
(2π)2
d2Lq¯g
(2π)2
H{q¯g}(ℓq¯g, Lq¯g)exp(−i(Lq¯g ·(xGq¯g−x1)+ℓq¯g ·x)) .
(109)
Let us denote F
{ij}
Diagr,V (ℓij, Lij , yi, yj) and F
{ij}
Diagr,A(ℓij, Lij , yi, yj) respectively
the vector and axial-vector contributions of the diagram ’Diagr’ related to
the 2-parton system {ij}. They read
F
{ij}
Diagr,V (ℓij, Lij , yi, yj) =
imρfρ
4
1
2
(S(y1, y2) +M(y1, y2))
× H{ij} eρ⊥, /pDiagr (yi, yj, ℓij, Lij) , (110)
F
{ij}
Diagr,A(ℓij, Lij , yi, yj) =
imρfρ
4
1
2
(S(y1, y2)−M(y1, y2))
× H{ij}Rρ⊥, /pγ5Diagr (yi, yj, ℓij, Lij) . (111)
The sum over all the diagrams associated to the 2-parton system {ij} of
all the F
{ij}
Diagr,V (ℓij, Lij, yi, yj) and F
{ij}
Diagr,A(ℓij , Lij, yi, yj) will be denoted by
F {ij}(ℓij , Lij , yi, yj). Note that after using the EOM, as shown in Section 4.1
the {ij} 2-parton system will be identified with the dipole {ij}.
For the diagram atG1 chosen as an example, we compute the diagrams
associated to H
{q¯g} eρ⊥, /p
atG1 (y¯2, yg, ℓq¯g, Lq¯g) and H
{q¯g}Rρ⊥, /pγ5
atG1 (y¯2, yg, ℓq¯g, Lq¯g) and
we find respectively for the explicit expressions
F
{q¯g}
atG1,V (ℓq¯g, Lq¯g, y¯2, yg) =
CabQ2
2
NC
CF
1
2
(S(y1, y2) +M(y1, y2))
1
4y¯1Q
×
{
e∗ρ · eγ
(
L2q¯g
2µ21/Q
+
Q
2
+
Lq¯g · (ℓq¯g + k)
2y¯1y¯2Q
)
−(Lq¯g · eγ)(e
∗
ρ · (ℓq¯g + k)))
2y¯2ygQ/(y¯1 + y¯2)
− (Lq¯g · e
∗
ρ)(eγ · (ℓq¯g + k))
2y¯2Q
}
× 1(
L2q¯g
2µ2
1
/Q
+ Q
2
)(
L2q¯g
2µ2
1
/Q
+ Q
2
+
(ℓq¯g+k)
2
2µ2q¯g/Q
) , (112)
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F
{q¯g}
atG1,A(ℓq¯g, Lq¯g, y¯2, yg) =
CabQ2
2
NC
CF
1
2
(S(y1, y2)−M(y1, y2)) 1
4y¯1Q
×
{
e∗ρ · eγ
(
L2q¯g
2µ21/Q
+
Q
2
− Lq¯g · (ℓq¯g + k)
2y¯2ygQ/(y¯1 + y¯2)
)
+
(Lq¯g · e∗ρ)(eγ · (ℓq¯g + k))
2y¯2ygQ/(y¯1 + y¯2)
+
(Lq¯g · eγ)(e∗ρ · (ℓq¯g + k))
2y¯2Q
}
× 1(
L2q¯g
2µ2
1
/Q
+ Q
2
)(
L2q¯g
2µ2
1
/Q
+ Q
2
+
(ℓq¯g+k)
2
2µ2q¯g/Q
) , (113)
with µ21 = y1y¯1Q
2.
It is interesting to note that results (112, 113) exhibit the appearance of
two colour dipole dynamics, as shown in Fig. 14.
The first dipole is made of the colour charge cq¯ of the antiquark and the
conjuguated charge present in the gluon c¯q¯. In momentum space, the colour
cq¯ is at rest and the conjuguate colour c¯q¯ is carried by the reduced particle
Rq¯g of the system {q¯g} with momentum ℓq¯g and mass mRq¯g = µ2q¯g/Q giving
a dipole of size x = x2 − xg. This first dipole interacts with the t−channel
gluon as the momentum ℓq¯g is shifted in ℓq¯g + k.
The second dipole is made of the colour charge cq of the quark and the
anti-colour charge present in the gluon wave function c¯q. We can interpret
that cq is carried by a particle at rest and c¯q by the reduced particle R
′ of
the system constituted of the quark and the center of mass Gq¯g of the {q¯g}
system. The particle R′ has an analoguous mass
mR′ =
µ21
Q
=
(
1
y1
+
1
y¯2 + yg
)−1
Q
2
, (114)
a momentum
LR′ =
(y¯2 + yg)Lq¯g − y1ℓ1
y1 + y¯2 + yg
= Lq¯g , (115)
and a transverse size xR′ = xG − x1. This dipole does not interact with the
t−channel gluons in this diagram and thus its contribution will disappear in
the collinear limit.
The kinetic energies of the two reduced particles entering the dynamics
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of the dipoles
Ec,R′ =
L2q¯g
2µ21/Q
, (116)
Ec,Rq¯g =
(ℓq¯g + k)
2
2µ2q¯g/Q
, (117)
appear explicitely in the two last denominators of Eqs. (112, 113). In the
collinear limit up to twist 3 accuracy only information about a dipole formed
by the reduced particle interacting with t−channel gluons survives in the
transverse collinear space. We can then simplify the results of Eqs. (112,
113), by taking the limit Lq¯g = 0, as illustrated Fig. 15, which gives
F
{q¯g}
atG1,V (ℓq¯g, 0, y¯2, yg) =
Cab
2
NC
CF
1
2
(S(y1, y2) +M(y1, y2))
×µ
2
q¯g
y¯1
e∗ρ · eγ
2
(
µ2q¯g + (ℓq¯g + k)
2
) , (118)
F
{q¯g}
atG1,A(ℓq¯g, 0, y¯2, yg) =
Cab
2
NC
CF
1
2
(S(y1, y2)−M(y1, y2))
×µ
2
q¯g
y¯1
e∗ρ · eγ
2
(
µ2q¯g + (ℓq¯g + k)
2
) . (119)
We can now express Eqs. (118, 119) in terms of their Fourier transforms
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Figure 15: The relevant momentum ℓq¯g of the interation with t−channel gluons in the
collinear approximation.
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F
{q¯g}
atG1, V (ℓq¯g, 0, y¯2, yg) =
Cab
2
NC
CF
1
2
(S(y1, y2) +M(y1, y2))
×e
∗
ρ · eγ
2
∫
d2x
(2π)
µ2q¯g
y¯1
K0(µq¯g |x|) ei(ℓq¯g+k)·x , (120)
F
{q¯g}
atG1, A(ℓq¯g, 0, y¯2, yg) =
Cab
2
NC
CF
1
2
(S(y1, y2)−M(y1, y2))
×e
∗
ρ · eγ
2
∫
d2x
(2π)
µ2q¯g
y¯1
K0(µq¯g |x|) ei(ℓq¯g+k)·x . (121)
Finally, what remains in the collinear limit is
F
{q¯g}
atG1,V (0, 0, y¯2, yg) =
Cab
2
NC
CF
1
2
(S(y1, y2) +M(y1, y2))
×e
∗
ρ · eγ
2
∫
d2x
(2π)
µ2q¯g
y¯1
K0(µq¯g |x|) eik·x , (122)
F
{q¯g}
atG1,A(0, 0, y¯2, yg) =
Cab
2
NC
CF
1
2
(S(y1, y2)−M(y1, y2))
×e
∗
ρ · eγ
2
∫
d2x
(2π)
µ2q¯g
y¯1
K0(µq¯g |x|) eik·x . (123)
The total contribution of the diagram atG1 is the sum of the above vector
and axial contributions
F
{q¯g}
atG1(0, 0, y¯2, yg) =
Cab
2
NC
CF
S(y1, y2)
e∗ρ · eγ
2
∫
d2x
(2π)
µ2q¯g
y¯1
K0(µq¯g |x|) eik·x .(124)
The computations of contributions of all the other 3-parton diagrams go
the same way. We first compute the diagrams associated to a dipole config-
uration, in terms of the center of mass and the reduced particle momenta
and masses, to obtain F {ij}(ℓij , Lij, yi, yj). We compute then the Fourier
transform f˜ {ij}(x, yi, yj) of F {ij}(ℓij , Lij = 0, yi, yj) as Lij is never shifted by
the t−channel gluon transverse momenta k. Finally, the impact factor is ex-
pressed in terms of f˜ {ij}(x, yi, yj), where x = xi − xj is the size of the dipole
{ij}, i.e. the variable conjugate to the momentum ℓij. The impact factor
has thus the general form
Φγ
∗→ρ
3−parton =
∑
{ij}
Φ
γ∗→ρ {ij}
3−parton (125)
=
∑
{ij}
∫
dyi dyj
∫
d2x
(2π)2
f˜ {ij}(x, yi, yj) . (126)
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The results of the diagrams in momentum space exhibit two kinds of
structure denoted by S1(ℓ, µ) and S2mn(ℓ, µA, µB)
S1(ℓ, µ) =
µ2
ℓ2 + µ2
, (127)
S2mn(ℓ, µA, µB) =
ℓm ℓn
(ℓ2 + µ2A)(ℓ
2 + µ2B)
(128)
where m and n are 2-dimensional euclidean indices and µ, µA, µB are the
energies scales at stake. The Fourier transforms of formulae (127) and (128)
are
S1(ℓ, µ) =
∫
d2x
(2π)
µ2K0(µ |x|) eiℓ·x (129)
and
S2mn(ℓ, µA, µB)=
∫
d2x
(2π)
e−iℓ·x
µ2A − µ2B
∂
∂xm
∂
∂xn
(K0(µA |x|)−K0(µB |x|)) eiℓ·x
=
∫
d2x
(2π)
1
µ2A − µ2B
{
δmn
2
[
µ2A
(
K
′
0(µA |x|)
µA |x| +K
′′
0 (µA |x|)
)
−µ2B
(
K
′
0(µB |x|)
µB |x| +K
′′
0 (µB |x|)
)]
+
(
δmn
2
− xmxn|x|2
)[
µ2A
(
K
′
0(µA |x|)
µA |x| −K
′′
0 (µA |x|)
)
−µ2B
(
K
′
0(µB |x|)
µB |x| −K
′′
0 (µB |x|)
)]}
. (130)
This expression can be simplified given that the modified Bessel function
Kν(λ) satisfies the equation
λ2K
′′
ν (λ) + λK
′
ν(λ) = (λ
2 + ν2)Kν(λ) . (131)
The expression (130) thus reads
S2mn(ℓ, µA, µB) =
∫
d2x
(2π)
eiℓ·x
µ2A − µ2B{
δmn
2
[
µ2AK0(µA |x|)− µ2BK0(µB |x|)
]
−
(
δmn
2
− xmxn|x|2
)[
µ2AK2(µA |x|)− µ2BK2(µB |x|)
]}
, (132)
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where we have used the relation
− 1
λ
K ′0(λ) +K
′′
0 (λ) = K2(λ) (133)
implied by the standard Bessel recursion formulas [73]. Let us note that the
Fourier transforms in Eqs. (129, 132) lead to the appearence of two functions
in the 3-parton impact factor, one associated with the spin non-flip transition
Ψnf and one associated to the spin flip transition Ψf :
Ψn.f. ∝ µ2K0(µ |x) (134)
Ψf. ∝ µ2K2(µ |x) (135)
3.4. Spin non-flip and spin flip 3-parton impact factor
In this section, we show the results we obtain for each colour dipole
configuration interacting with the gluons in t−channel.
The sum of the contributions in δ
ab
2NC
NC
CF
of the diagrams (cG1), (ctG1),
(ftG1), (httG1), (btG1) and (dtG2), associated to the scattering amplitude
of the {qg} system on the t−channel gluons, leads to the impact factor
Φγ
∗→ρ
3−parton,{qg} =
Cab
2
NC
CF
∫
dy1dy2
∫
d2x
(2π)
N (x, k)
×
{
e∗ρ · eγ
2
[
M(y1, y2)
y2
µ2qgK0(µqg |x|)−
S(y1, y2)
y¯1
µ21K0(µ1 |x|)
+
y¯1
y1y¯2
M(y1, y2)
[
µ21K0(µ1 |x|)− µ2qgK0(µqg |x|)
]]
+
(
e∗ρ · eγ
2
− e
∗
ρ · xx · eγ
|x|2
) (
S(y1, y2)
y1
− M(y1, y2)
y¯2
)
× [µ2qgK2(µqg |x|)− µ21K2(µ1 |x|)]}
+
Cab
2
NC
CF
∫
dy1dy2
∫
d2x
(2π)
Tn.f.
S(y1, y2)
y¯1
µ21K0(µ1 |x|) , (136)
with µ22 = y2y¯2Q
2. Note that
µ2
2
Q
= y2y¯2Q is associated to the analoguous
reduced mass of the 2-body system constituted by the antiquark and the
center of mass of the quark and the gluon. We show in the Table 2, the
kinematical variables associated to the center of mass G and the reduced
particle R of the system {qg} that we use to obtain, after simplifications
described previously, the result (136).
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{qg} Center of mass G Reduced particle R
momenta Lqg = ℓ1 + ℓg = −ℓ2 ℓqg = y1 ℓg−yg ℓ1yg+y1 =
y1 ℓg−yg ℓ1
y2
positions xG =
y1x1+ygxg
y2
x = xg − x1
masses mG = y2Q mR =
µ2qg
Q
= y1ygQ
y2
Table 2: Kinematical variables of the center of mass G and of the reduced particle R of
the system {qg}
The result for the {q¯g} dipole is straightforward by exchanging the role
of the quark and the antiquark i.e. exchanging y1 and y¯2 in (136). Adding
the results for the {qg} and for the {q¯g} dipoles and using the symmetry
properties of S(y1, y2) and M(y1, y2) given by Eqs. (95) and (96), the spin
non-flip part Φγ
∗→ρ,n.f.
3−parton,{qg}+{q¯g} and the spin flip part Φ
γ∗→ρ, f.
3−parton,{qg}+{q¯g} read
Φγ
∗→ρ,n.f.
3−parton,{qg}+{q¯g} =
−Cab
2
NC
CF
∫
dy1dy2
∫
d2x
(2π)
N (x, k)e
∗
ρ · eγ
2
×
{
S(y1, y2)
y¯1
[
µ21K0(µ1 |x|) + µ2q¯gK0(µq¯g |x|)
]
− M(y1, y2)
y2
[
µ22K0(µ2 |x|) + µ2qgK0(µqg |x|)
]
+
(
y2y¯1
y1y¯2
)
S(y1, y2)
y¯1
[
µ22K0(µ2 |x|)− µ2q¯gK0(µq¯g |x|)
]
−
(
y2y¯1
y1y¯2
)
M(y1, y2)
y2
[
µ21K0(µ1 |x|)− µ2qgK0(µqg |x|)
]}
+
Cab
2
NC
CF
∫
dy1dy2
∫
d2x
(2π)
e∗ρ · eγ
2
×
[
S(y1, y2)
y¯1
µ21K0(µ1 |x|)−
M(y1, y2)
y2
µ22K0(µ2 |x|)
]
, (137)
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and
Φγ
∗→ρ, f.
3−parton,{qg}+{q¯g} =
Cab
2
NC
CF
∫
dy1dy2
∫
d2x
(2π)
N (x, k)(e
∗
ρ · eγ
2
− e
∗
ρ · x x · eγ
|x|2 )
×
(
S(y1, y2)
y1
− M(y1, y2)
y¯2
)[
µ2qgK2(µqg |x|)− µ21K2(µ1 |x|)
+µ2q¯gK2(µq¯g |x|)− µ22K2(µ2 |x|)
]
. (138)
The spin non-flip and spin flip impact factors associated to the scattering
amplitude of the dipole {qq¯} on the t−channel gluons are given by the con-
tributions of type δ
ab
2NC
(NC
CF
−2) from the diagrams (aG1), (cG1), (bG1), (dG2),
(bG2), (dG1). The results read
Φγ
∗→ρ,n.f.
3−parton,{qq¯} =
Cab
2
(
NC
CF
− 2
)∫
dy1dy2
∫
d2x
(2π)
N (x, k)e
∗
ρ · eγ
2
×
{
S(y1, y2)
y¯1
µ21K0(µ1 |x|)−
M(y1, y2)
y2
µ22K0(µ2 |x|)
− S(y1, y2)
yg
[(
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
)
+
y2
y¯2
(
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
)]
+
M(y1, y2)
yg
[(
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
)
+
y¯1
y1
(
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
)]}
− C
ab
2
(
NC
CF
− 2
)∫
dy1dy2
∫
d2x
(2π)
e∗ρ · eγ
2
×
(
S(y1, y2)
y¯1
µ21K0(µ1 |x|)−
M(y1, y2)
y2
µ22K0(µ2 |x|)
)
(139)
and
Φγ
∗→ρ, f.
3−parton,{qq¯}=
Cab
2
(
NC
CF
− 2
)∫
dy1dy2
∫
d2x
(2π)
N (x, k)
(
e∗ρ · eγ
2
− e
∗
ρ · xx · eγ
|x|2
)
×
(
S(y1, y2)
y1
− M(y1, y2)
y¯2
)[
y¯2
yg
(
µ2qq¯K2(µqq¯ |x|)− µ21K2(µ1 |x|)
)
+
y1
yg
(
µ2qq¯K2(µqq¯ |x|)− µ22K2(µ2 |x|)
)]
. (140)
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We show in Table 3 the kinematical variables associated to the system {qq¯}.
The total 3-parton results for the spin non-flip amplitude is thus
{qq¯} Center of mass G Reduced particle R
momenta Lqq¯ = ℓ1 + ℓ2 = −ℓg ℓqq¯ = y¯2 ℓ1−y1 ℓ2y1+y¯2 =
y¯2 ℓ1−y1 ℓ2
y¯g
positions xG =
y1x1+y¯2x2
y¯g
x = x1 − x2
masses mG = y¯gQ mR =
µ2qq¯
Q
= y1y¯2Q
y¯g
Table 3: Kinematical variables of the center of mass G and of the reduced particle R of
the system {qq¯}
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Φγ
∗→ρ,n.f.
3−parton = −
Cab
2
∫
dy1dy2
∫
d2x
(2π)
N (x, k)e
∗
ρ · eγ
2
×
{
2
[
S(y1, y2)
y¯1
µ21K0(µ1 |x|)−
M(y1, y2)
y2
µ22K0(µ2 |x|)
]
+
NC
CF
[
S(y1, y2)
y¯1
µ2q¯gK0(µq¯g |x|)−
M(y1, y2)
y2
µ2qgK0(µqg |x|)
+
(
y2y¯1
y¯2y1
)
×
(
S(y1, y2)
y¯1
[
µ22K0(µ2 |x|)− µ2q¯gK0(µq¯g |x|)
]
−M(y1, y2)
y2
[
µ21K0(µ1 |x|)− µ2qgK0(µqg |x|)
])]
+
(
NC
CF
− 2
)[
S(y1, y2)
yg
([
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
]
+
y2
y¯2
[
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
])
− M(y1, y2)
yg
([
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
]
+
y¯1
y1
[
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
])]}
+
Cab
2
e∗ρ · eγ
∫
dy1dy2
(
S(y1, y2)
y¯1
− M(y1, y2)
y2
)
, (141)
while the spin flip 3-parton impact factor is
Φγ
∗→ρ, f.
3−parton =
Cab
2
∫
dy1dy2
∫
d2x
(2π)
N (x, k)
(
e∗ρ · eγ
2
− (e
∗
ρ · x) (x · eγ)
|x|2
)
×
(
S(y1, y2)
y1
− M(y1, y2)
y¯2
){
NC
CF
[
µ2qgK2(µqg |x|)− µ21K2(µ1 |x|)
+µ2q¯gK2(µq¯g |x|)− µ22K2(µ2 |x|)
]
+
(
NC
CF
− 2
)[
y¯2
yg
(
µ2qq¯K2(µqq¯ |x|)− µ21K2(µ1 |x|)
)
+
y1
yg
(
µ2qq¯K2(µqq¯ |x|)− µ22K2(µ2 |x|)
)]}
. (142)
In the formula (141), the last line is not proportional to the dipole factor
N (x, k). In the following part, we will show that putting together the 2-
parton result (beyond WW approximation) and the 3-parton result, all parts
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of the impact factor which do not have the dipole form cancel each other
using the QCD EOM. This will extend to the full twist 3 result, the reasoning
leading in the WW approximation from Eq. (50) to Eq. (53).
4. The twist 3 γ∗
T
→ ρT impact factor in the dipole picture
4.1. The dipole picture arising from the equation of motion of QCD
The relation between DAs due to the QCD EOM, at full twist 3 (it extends
the Eq. (49) beyond the WW approximation) reads∫
dy
yy¯
(
2yy¯ϕ3(y) + (y − y¯)ϕT1 (y) + ϕTA(y)
)
+
∫
dy1
∫
dy2
(
S(y1, y2)
y¯1
− M(y1, y2)
y2
)
= 0 , (143)
with ϕ(y) = ϕWW (y) + ϕgen(y) being the complete DAs, i.e. which include
both the WW and the genuine twist 3 contributions. The 2-parton impact
factor (50) before using the relations due to QCD EOM reads,
Φγ
∗→ρ
2−parton=
−CabQ2
2
e∗ρ · eγ
∫
dy
∫
d2x
2π
µK1(µ|x|)N (x, k)
×
([
(y − y¯)ϕT1 (y)− ϕTA(y)
]
e∗ρ · x
x · eγ
|x| + ϕ
T
A(y)
x2
|x|e
∗
ρ · eγ
)
+
Cab
2
e∗ρ · eγ
∫
dy
yy¯
[
(2yy¯ ϕ3(y) + (y − y¯)ϕT1 + ϕTA(y))
]
(144)
Collecting all terms arising from Eqs. (141) and (144) which are not propor-
tional to the dipole factor, we observe that they cancel
e∗ρ · eγ
Cab
2
[∫
dy
yy¯
(
2yy¯ϕ3(y) + (y − y¯)ϕT1 (y) + ϕTA(y)
)
+
∫
dy1
∫
dy2
(
S(y1, y2)
y¯1
− M(y1, y2)
y2
)]
= 0 , (145)
due to the relation (143). The final 2-parton impact factor is thus
Φγ
∗→ρ
2−parton = −
CabQ2
2
∫
dy
∫
d2x
2π
{[
(y − y¯)ϕT1 (y)− ϕTA(y)
]
× (e
∗
ρ · x) (x · eγ)
|x|2 + ϕ
T
A(y)e
∗
ρ · eγ
}
µ|x|K1(µ|x|)N (x, k) , (146)
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and it can be decomposed into the spin non-flip and the spin-flip parts
Φγ
∗→ρ
2−parton, n.f. = −
CabQ2
2
∫
dy
(
ϕTA + (y − y¯)ϕT1
)
×
∫
d2x
2π
1
2
e∗ρ · eγ µ|x|K1(µ|x|)N (x, k) , (147)
and
Φγ
∗→ρ
2−parton, f. = −
CabQ2
2
∫
dy
(
ϕTA − (y − y¯)ϕT1
)
×
∫
d2x
2π
(
1
2
e∗ρ · eγ −
(e∗ρ · x)(eγ · x)
|x|2
)
µ|x|K1(µ|x|)N (x, k) . (148)
The results (146, 147, 148) are the extension of the formulae (53, 54, 55) to
the full solution of the QCD EOM for the DAs, including the genuine twist
3 solutions.
The 3-parton spin non-flip result after using the relation (143) is thus
Φγ
∗→ρ,n.f.
3−parton = −
Cab
2
∫
dy1dy2
∫
d2x
(2π)
N (x, k)e
∗
ρ · eγ
2
×
{
2
(
S(y1, y2)
y¯1
µ21K0(µ1 |x|)−
M(y1, y2)
y2
µ22K0(µ2 |x|)
)
+
NC
CF
[
S(y1, y2)
y¯1
µ2q¯gK0(µq¯g |x|)−
M(y1, y2)
y2
µ2qgK0(µqg |x|)
+
(
y2y¯1
y¯2y1
)
×
(
S(y1, y2)
y¯1
[
µ22K0(µ2 |x|)− µ2q¯gK0(µq¯g |x|)
]
−M(y1, y2)
y2
[
µ21K0(µ1 |x|)− µ2qgK0(µqg |x|)
])]
+
(
NC
CF
− 2
)[
S(y1, y2)
yg
([
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
]
+
y2
y¯2
[
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
])
− M(y1, y2)
yg
([
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
]
+
y¯1
y1
[
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
])]}
, (149)
45
and it can be rewritten in a more compact way, using the symmetry properties
of the DAs under exchange of y1 and y¯2, as
Φγ
∗→ρ,n.f.
3−parton = −Cab
∫
dy1dy2
∫
d2x
(2π)
N (x, k)e
∗
ρ · eγ
2
S(y1, y2)
×
{
1
y¯1
(
2µ21K0(µ1 |x|) +
NC
CF
[
µ2q¯gK0(µq¯g |x|)
+
(
y2y¯1
y¯2y1
)
× [µ22K0(µ2 |x|)− µ2q¯gK0(µq¯g |x|)]
])
+
1
yg
(
NC
CF
− 2
)[[
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
]
+
y2
y¯2
[
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
]]}
. (150)
4.2. Equivalence with the results performed in momentum space in the light-
cone collinear factorisation scheme
The integration of the spin non-flip result over x is straightforward by
using the relation ∫
d2x
(2π)
N (x, k)µ2K0(µ |x|) = 2k
2
k2 + µ2
. (151)
The integrated result thus gives
Φγ
∗→ρ,n.f.
3−parton = −Cab
∫
dy1dy2 e
∗
ρ · eγ S(y1, y2)
×
{(
2− NC
CF
)
α
y¯gα + y1y¯2
(
y21
α + y1y¯1
+
y2 y¯2
α+ y2y¯2
)
+
NC
CF
α
α y¯1 + y¯2 yg
α
α + y2 y¯2
+
2
y¯1
α
α + y1y¯1
}
(152)
with α = k2/Q2 . The result (152) is, as expected, identical to the one
obtained in Ref. [57] using the light-cone collinear factorisation.
For the spin flip result, using the symmetry of the amplitude under the
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exchange of y1 and y¯2, we get
Φγ
∗→ρ, f.
3−parton = C
ab
∫
dy1dy2
∫
d2x
(2π)
N (x, k)
(
e∗ρ · eγ
2
− (e
∗
ρ · x)(x · eγ)
|x|2
)
×
(
S(y1, y2)
y1
){
NC
CF
[
µ2qgK2(µqg |x|)− µ21K2(µ1 |x|)
+µ2q¯gK2(µq¯g |x|)− µ22K2(µ2 |x|)
]
+
(
NC
CF
− 2
)[
y¯2
yg
(
µ2qq¯K2(µqq¯ |x|)− µ21K2(µ1 |x|)
)
+
y1
yg
(
µ2qq¯K2(µqq¯ |x|)− µ22K2(µ2 |x|)
)]}
. (153)
We now integrate over x = (|x| cos(θ), |x| sin(θ)), with k = (|k| cos(φ), |k| sin(φ)) .
Using the fact that only the spin flip contributions are non zero, and based
on the following identities
[(e−ρ )
∗ · x] [x · e+γ ]
|x|2 =
(
−i |x| e
iθ
√
2
)(
−i |x| e
iθ
√
2
)
1
|x|2 = −
1
2
ei2θ , (154)
[(e+ρ )
∗ · x] [x · e−γ ]
|x|2 =
(
i
|x| e−iθ√
2
)(
i
|x| e−iθ√
2
)
1
|x|2 = −
1
2
e−i2θ , (155)
resulting from the definition of the polarisations in Eq. (66), we obtain∫
d2x
(2π)
N (x, k)µ2K2(µ |x|)
(
((e∓ρ )
∗ · x)(x · e±γ )
|x|2
)
= −
∫
dλ λK2(λ)
∫
dθ
2π
2
(
1− cos
[
kλ
µ
cos(θ − φ)
])
1
2
e±i2θ
= −1
2
e±i2φ
∫
dλ λK2(λ)
∫
dθ
2π
2
(
1− cos
[
kλ
µ
cos(θ)
])
e±i2θ
= −1
2
e±i2φ2
∫
dλ λK2(λ)J2
(
kλ
µ
)
=
((e∓ρ )
∗ · k) (k · e±γ )
|k|2
2k2
k2 + µ2
, (156)
47
with λ = µ |x|. Hence the spin flip impact factor integrated over x reads
Φγ
∗→ρ,f
3−parton = −2CabTf
∫
dy1 dy2 S(y1, y2)
×
{
NC
CF
[
αy¯2
(
y1
(α + y1y¯1)(y2α + y1yg)
+
y¯2
(α+ y2y¯2)(y¯1α + y¯2yg)
)]
+
(
NC
CF
− 2
)[
αy¯2
y¯gα + y1y¯2
(
y1
α + y1y¯1
+
y¯2
α + y2y¯2
)]}
. (157)
which is the same result as the one obtained in Ref. [57].
4.3. Complete twist 3 result of the γ∗T → ρT impact factor
Combining all the 2-parton and 3-parton results for the spin non-flip and
spin flip impact factors Φγ
∗→ρ
n.f. , Φ
γ∗→ρ
f. of the γ
∗
T → ρT transition, we finally
obtain
Φγ
∗→ρ, n.f. = −Cab
∫
d2x
(2π)
N (x, k) e
∗
ρ · eγ
2
×
{
Q2
2
∫
dy (ϕAT (y) + (y − y¯)ϕ1T (y))µ|x|K1(µ|x|)
+
∫
dy1 dy2
S(y1, y2)
y¯1
(
2µ21K0(µ1 |x|) +
NC
CF
[
µ2q¯gK0(µq¯g |x|)
+
(
y2 y¯1
y¯2 y1
)
× [µ22K0(µ2 |x|)− µ2q¯gK0(µq¯g |x|)]
]
+
1
yg
(
NC
CF
− 2
)[[
µ21K0(µ1 |x|)− µ2qq¯K0(µqq¯ |x|)
]
+
y2
y¯2
[
µ22K0(µ2 |x|)− µ2qq¯K0(µqq¯ |x|)
]])}
, (158)
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and
Φγ
∗→ρ, f. = Cab
∫
d2x
(2π)
N (x, k)
(
e∗ρ · eγ
2
− (e
∗
ρ · x) (x · eγ)
|x|2
)
×
{
−Q
2
2
∫
dy (ϕAT (y)− (y − y¯)ϕ1T (y))µ|x|K1(µ|x|)
+
∫
dy1dy2
(
S(y1, y2)
y1
)[
NC
CF
[
µ2qgK2(µqg |x|)− µ21K2(µ1 |x|)
+µ2q¯gK2(µq¯g |x|)− µ22K2(µ2 |x|)
]
+
(
NC
CF
− 2
)[
y¯2
yg
(
µ2qq¯K2(µqq¯ |x|)− µ21K2(µ1 |x|)
)
+
y1
yg
(
µ2qq¯K2(µqq¯ |x|)− µ22K2(µ2 |x|)
)]]}
. (159)
The Eqs. (158) and (159) are the main results of the present paper. We
have achieved the goal of presenting the γ∗L,T → ρL,T impact factor, in the
forward limit, in a factorised form involving explicitly the coupling of two
t−channel gluons with a dipole of transverse size x produced during the
transition of the γ∗ to the ρ−meson. The colour structure, after factorising
a global normalization 1/(N2c − 1), has the form
Φγ
∗→ρ =
δab
(2Nc)(N2c − 1)
[
AplanarN
2
c + Anon−planar
]
, (160)
where Aplanar and Anon−planar are both Nc independent.
This form of the impact factor will permit to include effects of saturation
in the proton for exclusive ρ meson electroproduction both for longitudinally
and transversally polarized meson [74]. The φWWiλ ’s defined by Eqs. (56, 57)
could be extended beyond WW approximation, using Eqs. (158, 159). For
this we would need to disentangle the 3-body wave-function of the trans-
versely polarised photon γ∗T , which, to the best of our knowledge, is unfor-
tunately unknown.
5. Conclusion
In this paper we have shown that the γ∗L,T → ρL,T transitions, which
involve contributions up to twist 3, preserve the usual dipole form of the
scattering amplitude at finite Nc . Such a dipole picture of the scattering
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process has been used successful to describe phenomenologically the effect of
gluonic saturation inside the target at asymptotical energies for inclusive as
well as for exclusive processes involving twist 2 contributions treated in the
collinear approximation.
At first sight, twist 3 contributions either of kinematical origin or due to
genuine 3-parton correlators have a form which does not exhibit any dipole
structure. It is only after the use of QCD equations of motions that all terms
can be reorganized in a way consistent with the dipole picture. In particular,
our result shows that no quadrupole contribution is involved in this process
at the twist 3 order. We expect that this remains valid also beyond the
twist 3 approximation. The two contributions which we have obtained in
Eqs. (158) and (159) have the form (160) of a planar (scaling like N2c ) and a
non-planar topology (scaling like 1).
The obtained formula are a starting point for further investigation of the
effect of gluonic saturation for exclusive processes beyond leading twist.
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Appendix
The contributions of 3-parton correlators are of two types: the first one
being of ”Abelian” type (without triple gluon vertex, see Fig. 8) and the sec-
ond involving non-Abelian coupling with one triple gluon vertex (see Fig. 9)
or two (see Fig. 10). Let us first consider the ”Abelian” diagrams. They
involve two kinds of Casimir invariants:
1
Nc
Tr(tc ta tb tc)=CF
δab
2Nc
≡ Ca δ
ab
2Nc
: (aG1), (cG1), (eG1), (fG1) (161)
1
Nc
Tr(tc ta tc tb)=
(
CF − Nc
2
)
δab
2Nc
≡ Cb δ
ab
2Nc
: (bG1), (dG1), (aG2), (cG2),
(bG2), (dG2), (eG2), (fG2), (162)
where the 1/Nc comes from the Fierz coefficient when factorising the quark–
antiquark state in colour space. To illustrate the method, we consider the
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−y¯2
yg
y1
−y¯2
yg
xg
x2
xG
xGq¯g
xGq¯g− x1
k
x1
Gq¯g
G
R′
R
Lq¯g
ℓq¯g
Lq¯g = 0
ℓ1
−ℓ2
ℓg
k1
ℓ1 + ℓg − q
ℓ1 − q −k2 − ℓ2
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Figure 16: The detailed structure of the diagram (aG1).
particuliar diagram (aG1) of Fig. 8, illustrated in Fig. 16. The vector con-
tribution reads
ΦVaG1 = −eq
1
4
2
s
(i) g2 fρmρ
δab
2Nc
1
2s
1∫
0
dy1 dy2B(y1, y2) (163)
×
∫
dκ
2π
Tr[e/γ (ℓ/1 − q/) e/∗T (ℓ/1 + ℓ/g − q/) /p2 (/k2 + ℓ/2) /p2 /p1]
[(ℓ1 − q)2 + iη][(ℓ1 + ℓg − q)2 + iη][(k2 + ℓ2)2 + iη] ,
and it equals
ΦVaG1 =
eq g
2
2
fρmρ
δab
2Nc
1∫
0
dy1 dy2B(y1, y2)
×{e∗ρ · eγ(y¯2 ℓ21 − y1 ℓ2 · ℓ1 + y1 y¯2Q2)+ y1((ℓ1 · eγ)(ℓ2 · e∗ρ)+(ℓ1 · e∗ρ)(ℓ2 · eγ))}
× y1yg
(ℓ21 + µ
2
1)(ygy¯g ℓ
2
1 + 2y1yg ℓ1 · ℓg + y1y¯1 ℓ2g + y1y¯2ygQ2)
. (164)
The expression (164) is used in the description of two dipole configurations:
{q¯g} and {qq¯} types. The changes of variables defined either in Table 1 for
the {q¯g} system or in the Table 3 for the {qq¯} system leads respectively to
explicit forms for F
{q¯g}
aG1V (ℓq¯g, Lq¯g, yg, y¯2) and F
{qq¯}
aG1V (ℓqq¯, Lqq¯, y1, y¯2), defined by
Eq. (110).
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The corresponding axial contribution reads
ΦAaG1 = −eq
i
4
2
s
(i) g2 fρmρ
δab
2Nc
1
2s
1∫
0
dy1 dy2 ǫ
α
e∗
T
pnD(y1, y2) (165)
×
∫
dκ
2π
Tr[e/γ (ℓ/1 − q/) γα (ℓ/1 + ℓ/g − q/) /p2 (/k2 + ℓ/2) /p2 /p1]
[(ℓ1 − q)2 + iη][(ℓ1 + ℓg − q)2 + iη][(k2 + ℓ2)2 + iη] ,
and equals
ΦAaG1 =
eq g
2
2
fρmρ
δab
2Nc
1∫
0
dy1 dy2D(y1, y2)
×{e∗ρ · eγ(y¯2 ℓ21 + y1 ℓ2 · ℓ1 + y1 y¯2Q2)− y1[(ℓ1 · eγ) (ℓ2 · e∗ρ)+(ℓ1 · e∗ρ) (ℓ2 · eγ)]}
× y1yg
(ℓ21 + µ
2
1)(ygy¯gℓ
2
1 + 2y1ygℓ1 · ℓg + y1y¯1ℓ2g + y1y¯2ygQ2)
. (166)
Similarly to the vector contribution (164), the expression (166) is used again
in the description of two dipole configurations: {q¯g} and {qq¯} types. Again,
the changes of variables defined either in Table 1 for the {q¯g} system or
in the Table 3 for the {qq¯} system leads respectively to explicit forms for
F
{q¯g}
aG1A(ℓq¯g, Lq¯g, yg, y¯2) and F
{qq¯}
aG1A(ℓqq¯, Lqq¯, y1, y¯2), defined by Eq. (111).
Consider now the ”non-Abelian“ diagrams of Fig. 9, involving a single
triple gluon vertex. They involve two kinds of colour structure:
2
N2c − 1
(−i) Tr(tc tb td) f cad = Nc
2
1
CF
δab
2Nc
: (atG1), (dtG1), (etG1),
(btG2), (ctG2), (ftG2) , (167)
2
N2c − 1
(−i) Tr(tc td tb) f cad = −Nc
2
1
CF
δab
2Nc
: (ctG1), (btG1), (ftG1),
(atG2), (dtG2), (etG2) , (168)
where the 2/(N2c − 1) comes from the Fierz decomposition when factorising
the quark–antiquark gluon state in colour space. Let us consider the diagram
(atG1) of Fig. 9, illustrated in Fig. 17. We denote as
dνρ(k) = gνρ − k
νnρ + kρnν
k · n (169)
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Figure 17: The detailed structure of the ”non-Abelian“ (with one triple gluon vertex)
diagram (atG1).
the numerator of the gluon propagator in axial gauge, and
Vµ1 µ2 µ3(k1, k2, k3) = (k1 − k2)µ1 gµ1µ2 + · · · (170)
the momentum part of the 3-gluon vertex, where ki are incoming, labeled
in the counter-clockwise direction. The contribution of the diagram (atG1)
then reads, for the vector DA,
ΦVatG1 = −eq
1
4
2
s
(−i)Nc
2CF
g2mρ fρ
δab
2Nc
1
2s
1∫
0
dy1 dy2B(y1, y2)
×
∫
dκ
2π
Tr[e/γ (ℓ/1 − q/) γν (/k2 + ℓ/2) /p2 /p1]
× d
νρ(k1 − ℓg) Vρλα(−k1 + ℓg, k1, −ℓg)
[(ℓ1 − q)2 + iη][(k1 − ℓg)2 + iη][(k2 + ℓ2)2 + iη] p
λ
2 e
∗α
T . (171)
Note that for this diagram, as well as for all ”non-Abelian“ diagrams, one
can easily check that only the gνρ part of (169) contributes.
Closing the κ contour above or below gives for the vector DA part of the
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diagram (atG1) the result
ΦVatG1 =
eq g
2
2
mρ fρ
δab
2Nc
Nc
CF
1∫
0
dy1 dy2B(y1, y2) (172)
×{y1 ℓ1 · eγ (yg ℓ2 · e∗ρ − 2 y¯2 ℓg · e∗ρ + (y¯1 + y¯2) k · e∗ρ)
+ yg
[
e∗ρ · eγ
(
y¯2 ℓ
2
1 − y1 ℓ1 · (ℓ2 + k) + y1 y¯2Q2
)
+ y1 ℓ1 · e∗ρ (ℓ2 + k) · eγ
]}
× y1
(ℓ21 + µ
2
1)(y¯2ygℓ
2
1+y1ygℓ
2
2+y1y¯2ℓ
2
g+y1y¯1k
2+2y1(ygℓ2 − y¯2ℓg) · k + y1ygy¯2Q2)
.
Similarly, the contribution of the diagram (atG1) reads, for the axial DA,
ΦAatG1 = −eq
i
4
2
s
(−i)Nc
2CF
g2mρ fρ
δab
2Nc
1
2s
1∫
0
dy1 dy2D(y1, y2)
×
∫
dκ
2π
Tr[e/γ (ℓ/1 − q/) γν (/k2 + ℓ/2) /p2 /p1 γ5]
× d
νρ(k1 − ℓg) Vρλα(−k1 + ℓg, k1, −ℓg)
[(ℓ1 − q)2 + iη][(k1 − ℓg)2 + iη][(k2 + ℓ2)2 + iη] p
λ
2 ǫ
α
e∗
T
pn , (173)
and closing the κ contour above or below gives
ΦAatG1 =
eq g
2
2
mρ fρ
δab
2Nc
Nc
CF
1∫
0
dy1 dy2D(y1, y2) (174)
×{y1ℓ1 · e∗ρ (yg ℓ2 · eγ − 2y¯2 ℓg · eγ + (y¯1 + y¯2) k · eγ)
− (e∗ρ · eγ)
[
y1ℓ1 · (ygℓ2 − 2y¯2ℓg) + y1(y¯1 + y¯2) k · ℓ1 + ygy¯2 ℓ21 + y1y¯2ygQ2
]
+y1
[
(ℓ1 · e∗ρ)
[
eγ · (ygℓ2 − 2y¯2ℓg + (y¯1 + y¯2)k)
]
+ yg(ℓ1 · eγ)[e∗ρ · (ℓ2 + k)]
]}
× y1
(ℓ21 + µ
2
1)(y¯2ygℓ
2
1+y1ygℓ
2
2+ y1y¯2ℓ
2
g+y1y¯1k
2+2y1(ygℓ2 − y¯2ℓg) · k+y1ygy¯2Q2)
.
The expressions (172), (174), supplemented by the changes of the variables
defined in Table 1, lead to the explicit forms for F
{q¯g}
atG1,V (ℓq¯g, Lq¯g, y¯2, yg) and
F
{q¯g}
atG1,A(ℓq¯g, Lq¯g, y¯2, yg) , given respectively by Eqs. (112) and (113).
We consider now the ”non-Abelian“ diagrams of Fig. 10, involving two
triple gluon vertices. They all involve the colour structure
− 2
N2c − 1
Tr[tc td]f cea f edb =
Nc
CF
δab
2Nc
. (175)
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Figure 18: The detailed structure of the diagram (gttG1).
For illustration, let us consider the diagram (gttG1) of Fig. 10, illustrated in
Fig. 18. It reads for the vector DA,
ΦVgttG1 = −eq
1
4
2
s
(−i)Nc
CF
g2mρ fρ
δab
2Nc
1
2s
1∫
0
dy1 dy2B(y1, y2)
×
∫
dκ
2π
Tr[e/γ (ℓ/1 − q/) γν /p1] dνρ(−q + ℓ1 + ℓ2)
× Vρλα(q − ℓ1 − ℓ2, k1, −k2 − ℓg) d
αβ(k2 + ℓg)
[(ℓ1 − q)2 + iη][(−q + ℓ1 + ℓ2)2 + iη][(k2 + ℓg)2 + iη]
× Vβτδ(k2 + ℓg, −k2, −ℓg) pλ2 pτ2 e∗δT . (176)
It equals, when closing the κ contour below on the single pole coming from
the third propagator,
ΦVgttG1 =
eq g
2
2
mρ fρ
δab
2Nc
Nc
CF
1
Q2
1∫
0
dy1 dy2B(y1, y2) (177)
× {2y1(ℓ1 · eγ) (ℓ1 + ℓ2) · e∗ρ + yg(e∗ρ · eγ) (ℓ21 + y1Q2)}
× y1y¯2
(ℓ21 + µ
2
1)(y1y¯1 ℓ
2
2 + y1y¯2 ℓ
2
1 + 2y1y¯2 ℓ1 · ℓ2 + y1y¯2ygQ2)
.
The expression (177) is used in the description of the dipole configuration
{qg}. The changes of variables defined in the Table 2 lead to the explicit
form for F
{qg}
gttG1,V (ℓqg, Lqg, y1, yg) , defined by Eq. (110).
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The axial DA contribution from the diagram (gttG1) reads
ΦAgttG1 = −eq
i
4
2
s
(−i)Nc
CF
g2mρ fρ
δab
2Nc
1
2s
1∫
0
dy1 dy2D(y1, y2)
×
∫
dκ
2π
Tr[e/γ (ℓ/1 − q/) γν /p1 γ5] dνρ(−q + ℓ1 + ℓ2)
× Vρλα(q − ℓ1 − ℓ2, k1, −k2 − ℓg) d
αβ(k2 + ℓg)
[(ℓ1 − q)2 + iη][(−q + ℓ1 + ℓ2)2 + iη][(k2 + ℓg)2 + iη]
× Vβτσ(k2 + ℓg, −k2, −ℓg) pλ2 pτ2 ǫσe∗
T
pn . (178)
It equals, when closing the κ contour below on the single pole coming from
the third propagator,
ΦAgttG1 = −
eq g
2
2
mρ fρ
δab
2Nc
Nc
CF
1
Q2
1∫
0
dy1 dy2D(y1, y2) (179)
×{2y1(ℓ1 · e∗ρ)(ℓ1 + ℓ2) · eγ − (e∗ρ · eγ) [2y1 ℓ1 · ℓ2 + (y1 + y2)ℓ21 + y1ygQ2]}
× y1y¯2
(ℓ21 + µ
2
1)(y1y¯1 ℓ
2
2 + y1y¯2 ℓ
2
1 + 2y1y¯2 ℓ1 · ℓ2 + y1y¯2ygQ2)
.
Similarly like in the case of the vector contribution, the expression (179) is
used in the description of the dipole configuration {qg}. The changes of vari-
ables defined in the Table 2 lead to the explicit form for F
{qg}
gttG1A(ℓqg, Lqg, y1, yg) ,
defined by Eq. (111).
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